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SUMMARY
In this PhD thesis, we propose a theoretical framework for studying refer-
ential and spatial evolutions in nonlinear elasticity. We use the referential evolu-
tion—considering an evolving reference configuration—to formulate a geometric the-
ory of anelasticity. Indeed, an anelasticity source (such as temperature, defects, or
growth) can manifest itself such that the body would fail to find a relaxed state in
the Euclidean physical space. However, a reference configuration should by essence
be stress-free so that one can properly quantify the strain with respect to it—and the
stress by means of a constitutive equation. Identifying the reference configuration
with an abstract manifold—material manifold—allows for a rational construction of
such a stress-free state which can further accommodate the evolution of the source of
anelasticity by allowing the material manifold to have an evolving geometry. In this
work, we formulate a general geometric theory of anelasticity for three-dimensional
bodies that we apply to the particular case of thermoelasticity; and we also formulate
a general theory of anelastic shells that we apply to the particular case of morphoelas-
tic shells, i.e., those subject to growth and remodeling. In the context of anelasticity,
as well as in nonlinear elasticity, most exact solutions are obtained by assuming some
restrictive class of symmetry for the solution. We propose a theory of small-on-large
anelasticity, that is analogous to the small-on-large theory of Green et al. in classical
elasticity. It can be used to find exact solutions for non-symmetric distributions of
anelasticity sources that are small perturbations of symmetric ones. Finally, moti-
vated by gaining further insights on the theory of nonlinear elasticity as well as the
case of a continuum deforming in an evolving ambient space, we formulate a theory




The theory of elasticity is concerned with the study of elastic materials, that is,
materials that restore their initial shape after deformation. This theory has long
been limited to the linear approximation assuming infinitesimal strain, i.e., small
deformations. In linear elasticity, the stress-strain relationship is assumed to be linear
in the form of the so-called Hooke’s law. In many classical engineering applications,
these assumptions are reasonable and are valid to some extent in a wide range of
applications. However, beyond the infinitesimal regime, finite elastic deformations
require a less restrictive framework, hence the theory of nonlinear elasticity. It can
be used to model for example rubber-like materials [57, 58] and soft biological tissues
[15]. Note that nonlinearity in elasticity concern both the material nonlinearity,
i.e., a nonlinear constitutive model, and the geometrical nonlinearity, i.e., taking a
nonlinearized deformation measure.
In elasticity, the reference configuration represents a set of material particles ar-
ranged in such a way that they form a stress-free continuum that deforms within a
continuous ambient space such as the physical space. Note that the continuum model
is a representation of the physical reality that is merely a physical analogue of the
notion of a differentiable manifold. Hence, the reference configuration and the ambi-
ent space where it deforms can be both be identified as differentiable manifolds. A
deformation of the body in the ambient space is also naturally represented by a map-
ping—more or less smooth depending on the nature of the deformation—between
the reference configuration and the ambient space. Endowing these manifold with
metrics, one can conveniently measure distances, and by using the notions of push
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forward and pull back, one can naturally define measures of strain to quantify the
deformation.
Beyond pure elasticity, taking the reference configuration as an abstract manifold
allows for the construction of a stress-free material (referential) configuration even
when the body cannot relax in the physical space leading to residual stresses, i.e.,
anelasticity. Anelastic effects can exist in the body such that it has a configuration
that cannot be relaxed in the Euclidean space, i.e., one cannot construct a Euclidean
referential stress-free configuration. However, such a configuration can be realized as
an abstract manifold. Such a construction is done by endowing the material mani-
fold with a metric that accounts for the anelastic-distortions such that the material
manifold remains stress-free. In an anelastic deformation, any measure of strain has
a non-elastic component. This means that a non-vanishing strain does not necessar-
ily correspond to a non-vanishing (conjugate) stress; only the elastic part of strain
enters the constitutive equations. The remaining part of strain is called pre-strain
or eigenstrain as coined by Mura [52]. Examples of anelasticity sources include de-
fects [91, 90, 88], non-uniform temperature distributions [81, 62, 70], bulk growth
[68, 20, 5, 89, 72], accretion (surface growth) [55, 78], and swelling [64, 65, 66]. By
constructing the stress-free reference configuration as an abstract manifold, anelas-
ticity is readily reduced to nonlinear elasticity on an abstract material manifold with
a non-trivial material metric. Besides, due to the dynamical nature of the sources of
anelasticity (temperature, defect, growth, etc), the material metric ought to be time-
dependent to ensure that the material manifold remains stress-free at all times—hence
referential evolution.
In nonlinear elasticity, and more so in anelasticity, the governing equations present
such a level of complexity than solutions are almost exclusively found by using
symmetry-based inversed methods. Hence, the vast majority of the classes of known
solutions are highly symmetric. One way for extending the class of problems amenable
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to exact solutions in anelasticity is to study those distributions that are perturba-
tions of the highly symmetric ones. This is what we call small-on-large anelasticity,
which is a material analogue of the small-on-large theory of Green et al. [28] (further
discussion and several applications of this theory can be found in [29, 84]). Given a
distribution of some source of anelasticity with a known exact solution, we perturb the
distribution and solve for the induced small elastic deformations. This is achieved by
linearizing the governing equations about the known solution with respect to the per-
turbation. Even in the case when one fails to find exact solutions in this framework,
the linearized governing equations are much easier to solve numerically.
In the geometric field theory of elasticity, the spatial metric is introduced as a
fixed background geometry. Likewise, in the classical theory of nonlinear elasticity,
this background metric is a given geometric object with no dynamics. Motivated by
the hope of gaining a deeper understanding of the structure of the classical theory,
we relax this assumption and study the case of spatial evolution which consists in
considering an ambient space with an evolving geometry.1 Our motivation comes
also from possible applications of this theory involving the analysis of elastic bodies
constrained to move on curved, dynamical surfaces. One example of such a situation
is the case of a shell constrained to deform on a sphere of time-dependent radius such
as is the case in the formation of coated vesicles or the biogenesis of multivesicular
bodies. We formulate the spatial evolution by taking the material metric as fixed,
but we consider an evolving spatial metric via a time-dependent embedding of the
ambient space in a larger space with a fixed background metric.
This work is arranged as follows. In Chapter 2, we present a geometric theory of
anelasticity of three-dimensional bodies and illustrate the capabilities of the theory
1The generalization of a theory obtained by relaxing certain standard assumptions (in this case,
the staticity of gt), commonly results in a deeper understanding of the original theory. Examples of
this include the geometric notions of stress and traction obtained by allowing the spatial metric to
be non-Euclidean.
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by solving examples from thermoelasticity [70]. In Chapter 3, we present a geometric
theory of anelasticity of shells and illustrate the theory by looking at the particular
case of morphoelastic shells [72], i.e., shells that are subject to bulk growth and
remodeling. In Chapter 4, we present our theory of small-on-large anelasticity which
can be used to find exact solutions of some non-symmetric eigenstrain distributions
and apply it to the case of screw dislocations where we find an exact solution for
a non-symmetric distribution [71]. In Chapter 5, we present a theory of nonlinear
elasticity in a deforming ambient space [97]. Finally, in Chapter 6, we present our




ANELASTICITY OF THREE-DIMENSIONAL BODIES
In this section, we formulate a geometric theory of three-dimensional anelasticity
that can be used to predict the evolution of the residual stress fields in a nonlinear
elastic body due to the presence of some source of anelasticity such as temperature,
bulk growth, defects, etc. In this theory the material manifold (natural stress-free
configuration of the body) is a Riemannian manifold with a time-dependent metric
that depends explicitly on the anelastic eigenstrain distribution. The evolution of
the geometry of the material manifold is governed by the evolution of the anelastic
eigenstrain distribution such that the material manifold remains stress-free. As an
example, we apply this theory to the case where anelasticity is due to the presence
of a non-uniform temperature field and solve the problem of a spherical ball with a
spherically-symmetric temperature distribution. Note that the results of this section
have been previously reported in our published work [70].
2.1 Kinematics
We tersely review a few elements of the geometric formulation of the kinematics for
three-dimensional nonlinear elasticity. For more details, see for example [50]. LetB be
a three-dimensional body identified with a three-dimensional Riemannian manifold B
endowed with a metric G . The Riemannian manifold (B,G) represents the reference
configuration of the body and will be referred to as the material manifold. Let the
ambient space be represented by a three-dimensional Riemannian manifold (S, g).
Remark 2.1.1. Note that the material manifold need not be Riemannian. While
one can construct the material metric for thermoelasticity directly as a Riemmanian
5
metric, a detour via non-Riemmannian geometry is sometimes required to construct
the stress-free material manifold, e.g., dislocations can be modeled by torsion [90, 63],
and point defects by non-metricity [91]. However, only the underlying Riemannian
metric is needed to calculate (residual) stresses. It is hence fair to assume in the
following developments that the metric is Riemannian.
We adopt the standard convention to denote objects and indices by uppercase
characters in the material manifold B (e.g., X ∈ B) and by lowercase characters
in the spatial manifold S (e.g., x ∈ S). Let {XA} and {xa} be local coordinate
charts on B and S , respectively. Also, let ∂A = ∂∂XA and ∂a = ∂∂xa denote the local
coordinate bases corresponding to {XA} and {xa} , respectively, and let {dXA} and
{dxa} denote the corresponding dual bases. We also adopt Einstein’s repeated index
summation convention. We denote in the remainder of this section the Levi-Civita
connections of the material manifold (B,G) and the ambient space (S, g) by ∇ and
∇̄ , respectively.
A configuration of B is a smooth embedding ϕ : B → S . We denote the set of all
configurations of B by C . A motion of B is a smooth curve t ∈ R+ → ϕt ∈ C that
assigns a spatial point x = ϕ(X, t) = ϕt(X) at any time t to every material point X .
For a fixed X ∈ B we write ϕX(t) = ϕ(X, t) . The material velocity of the motion is
defined as the mapping






The spatial velocity is defined as the mapping
v : ϕt(B)× R+ → TS such that v(x, t) = V (ϕ−1t (x), t) ∈ TxS .
The material acceleration is defined as the mapping
A : B × R+ → TS such that A(X, t) = ∇̄V (X,t)V (X, t) ∈ Tϕ(X)S .
6




bV c , where γabc denote the Christoffel symbols of
the connection ∇̄ in the local coordinate chart {xa} , i.e., ∇̄∂b∂c = γabc∂a . The spatial
acceleration is defined as the mapping
a : ϕt(B)× R+ → TS such that a(x, t) = A(ϕ−1t (x), t) ∈ TxS .
The deformation gradient F is defined as the tangent map of ϕt : B → S , i.e.
F (X, t) = dϕt(X) : TXB → Tϕ(X)S .
The adjoint F T of F is defined by
F T(X, t) : Tϕ(X)S → TXB , ∀(W ,w) ∈ (TXB×Tϕt(X)S) : g(FW ,w) = G(W ,F Tw) .
In components, (FT)Aa = gabF
b
BG
AB . The Jacobian of the motion J relates the
material and spatial Riemannian volume elements dV (X,G) and dv(x, g) by
dv(ϕt(X), g) = J(X,ϕt,G, g)dV (X,G) .










The right Cauchy-Green deformation tensor is defined as
C(X, t) = F T(X, t)F (X, t) : TXB → TXB .
In components, CAB = G
AKF aKF
b
Bgab . We note that C
[ agrees with the pull-back
of the spatial metric g by ϕt , i.e., C
[ = ϕt
∗g , where [ denotes the flat operator. The
material strain tensor is defined as the difference between the pull back of the spatial





∗g −G) = 1
2
(C[ −G).





2.2 The material metric
In the theory of elasticity, one obtains the stress through a constitutive equation from
some measure of strain. Such a measure of strain quantifies the deformation of the
body in its current configuration with respect to a stress-free reference configura-
tion. However, a stress-free configuration does not necessarily exist in the physical
three-dimensional Euclidean space. In particular, in the presence of some source of
anelasticity, the body could a configuration of that cannot be relaxed in the physical
space and hence induces residual stresses. Following the pioneering works of Eckart
[19] and Kondo [40], and assuming the existence of a hypothetic intermediate relaxed
(stress-free) configuration, [6] and [41] independently introduced a multiplicative de-
composition of the deformation gradient F = FeFp , into a plastic component Fp
taking the reference configuration to the intermediate relaxed configuration and an
elastic component Fe with respect to the intermediate configuration.
1 Note however
that the decomposition F = FeFp is not unique and assumes a mathematically vague
notion of an intermediate configuration. In this work, for the purpose of formulating
a geometric theory of anelasticity, rather than considering an intermediate stress-free
configuration, we endow the material manifold with a non-Euclidean metric such that
the material configuration is a stress-free abstract manifold. Further, following the
evolution of the source of anelasticity, the material metric is constructed as a dy-
namic variable so that the material configuration (B,G(X, t)) evolves accordingly as
a stress-free reference configuration.
1See [48, 1] for an extensive review and a comprehensive bibliography on the decomposition of
the deformation gradient in anelasticity and [73] for a historical perspective on the subject.
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2.3 The governing equations of motion
Balance of mass. Let ρ and % , respectively, denote the material and spatial mass








det g(x)dx1 ∧ dx2 ∧ dx3 and dV =
√
detG(X, t)dX1 ∧ dX2 ∧ dX3 are
respectively the volume forms of the spatial and material manifolds. By applying the
change of variable X = ϕ−1t (x) to the right hand-side of (1) and by the arbitrariness
of U , we find that conservation of mass is equivalent to
ρ = J% .
Note that unless there is any mass input/output involved such as is the case for
growth, one has that dM = ρdV is constant. However, assuming a spatial rate of






















where Sm = Jsm is the material rate of change of mass. Therefore the balance of
mass reads in local spatial form
%̇+ % divv = sm ,





ρ trĠ = Sm . (2)
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Constitutive relations. We assume that the body is made of a hyperelastic mate-
rial, so that the constitutive model is given by an energy functionW = W̃(X,C[,G)
per unit undeformed volume, and define the following stress tensors:
Second Piola-Kirchhoff stress tensor: S = 2
∂W
∂C[




First Piola-Kirchhoff stress tensor: P = 2F
∂W
∂C[



















Balance laws. One way to obtain the balance laws for elasticity is through a La-
grangian formulation by using the Hamilton’s least action principle. We define the




L(X,ϕt(X), ϕ̇t(X),C[(X, t),G(X, t))dV (X,G) ,




aϕ̇b −W(X,C[,G)− V(X,ϕ) , (4)
whereW =W(X,C[,G) is the elastic energy density defined above and V = V(X,ϕ)
is the potential energy density. Note that the conservative body force deriving from





In order to take variations, we let ϕε be a 1-parameter family of motions such that
3
ϕ0,t = ϕt ,
ϕε,t|∂B = ϕt|∂B ,
ϕε,t1 = ϕt1 , ϕε,t2 = ϕt2 .
2Note that because of the evolution of the reference configuration to account for the evolving
source of anelasticity, the material metric Gt(X) = G(X, t) is an independent dynamic variable
that should be included in the Lagrangian L .
3For fixed t and ε , we let ϕε,t(X) := ϕε(X, t) .
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For fixed X and t , we consider the curve ϕt,X : ε → ϕt,X(ε) := ϕε,t(X) , and define
the variation of motion as the spatial vector given by




We also let Gε be a 1-parameter family of metrics for B such that G0 = G . We








We write the variation of S as a total derivative along the curve ϕt,X evaluated at








For a conservative system, Hamilton’s least action principle states that the physi-
cal motion ϕ and the evolution of any other dynamical variable—the material metric
G in this case—between t1 and t2 is the critical point for the action functional, i.e.,
the variation of S vanishes at (ϕ,G) . However, in order to account for possibly non-
conservative body forces Bn , and dissipative forces FG associated with the variation
of the material metric G , one needs to use a Lagrange-d’Alembert’s principle which
reads





(ρBn.δϕ+ ρFG :δG) dV dt = 0 .
















:δG+ ρBn.δϕ+ ρFG :δG
)
dV dt = 0 .
(5)
For different values of ε , the velocity vector field ϕ̇ε lies in different tangent spaces
Tϕε(X,t)S . Therefore, the variation of the velocity is given by its covariant derivative
along the curve ϕt,X in S evaluated at ε = 0 4









4Note that we use the symmetry lemma, See [17, 56].
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Unlike the velocity vector field, the Cauchy-Green deformation tensor field C[ lie
in the same space when ε is varied. Therefore, its variation is given by the total

















































n = 0 . (6)














Therefore, (119) yields the local form of the balance of linear momentum
DivP + ρB− SmV = ρA , (7)
where B = Bc+Bn is the total body force per unit undeformed mass. Note, however,
that we obtain the local form of the balance of angular momentum as a consequence
of the stress constitutive relation and the symmetry of the right Cauchy-Green de-
formation tensor
PF T = FP T .
Kinetic equations of evolution On the other hand, by arbitrariness of δG , it
follows from (5) that
∂W
∂G
= ρFG . (8)
If we further assume the existence of a Rayleigh dissipation potential R = R(G, Ġ)
such that ρFG = −∂R∂Ġ , (8) takes the form of a kinetic equation for the evolution of








As an application for the proposed geometric theory of anelasticity, we consider the
case of thermoelasticity. See our published work on thermoelasticity [70] for more
details. First, we detail the construction of the material metric in the case of thermoe-
lasticity. Next, we study the nonlinear thermoelastic problem in a spherical ball. We
formulate the governing equations and analytically solve for the thermal stress field
for an arbitrary incompressible isotropic hyperelastic solid with a radially-symmetric
temperature distribution. Then, we restrict the problem to the thermally isotropic
and homogeneous solids following the thermoelastic constitutive model for rubber-like
materials described in § 2.4.3 to numerically solve for the static and time-dependent
temperature and the thermal stress fields induced by a thermal inclusion. We will also
compare the nonlinear solutions with their corresponding linear elasticity solutions.
2.4.1 The material metric and the thermal expansion properties of the
material
In the case when the body is subject to a non-uniform temperature field or if the
body has inhomogeneous thermal expansion properties and is subject to a uniform
temperature field, such a field presents a source of anelasticity and one might construct
the material metric to be explicitly dependent on the temperature field T = T (X, t) .
The distance between two fixed points in B measured by the material metric G =
G(X,T ) is equal to the length of the curve resulting from the thermal expansion under
the temperature field T = T (X, t) of the line initially connecting them. Therefore, the
material manifold (B,G(X,T )) is indeed stress-free by construction. Let us construct
such a metric. In order to represent the thermal expansion properties, we introduce
three real-valued functions of temperature and position {ωA(X,T )} , A = 1, 2, 3 , to








e2ωK(X,T )dY K ⊗ dY K . (10)
Let ζ(K) : I → B (where I ⊂ R is an interval and K = 1, 2, 3) be a curve in (B,G)
such that, in the coordinate chart {Y A} , we have (ζ(K))A(s) = (δAK)s , for s ∈ I .
At a point X = ζ(K)(s) , the arc length of the curve ζ(K) measures the length in the
direction ∂
∂Y K
. It is given by (no summation on K)

























(X,T ) . (11)
Note that for the stress-free temperature field T0 , there is no stretching of the material
and hence ωK(X,T0) = 0 for K = 1, 2, 3 . Therefore, G(X,T0) = G0(X) . Following













⊗ dY K .
Let the change of basis between {XA} and {Y A} be written as



















































I ⊗ dXJ ,
where (G0)IK are the components of G0 in {XA} . It finally follows that
G(X,T ) = G0(X)e
2ω(X,T ) . (14)
As noted earlier, for the stress-free temperature field T0(X) we have G(X,T0) =
G0(X) , which corresponds to ω(X,T0(X)) = 0 . The Riemannian volume form






tr(ω(X,T ))dX1∧dX2∧dX3 = etr(ω(X,T ))dV0(X) ,
(15)









dV (X,T ) .




[tr(ω(X,T ))] . (16)
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If one further assumes that the material is thermally isotropic, the matrix ω reduces
to a scalar function ω times the identity matrix, and the metric reduces to G(X,T ) =
G0(X)e
2ω(X,T ) . The Riemannian volume form associated with this metric is
dV (X,G) = e3ω(X,T )dV0(X) ,












α(X, τ)dτ . (18)
Remark 2.4.1. The material metricG is defined in such a way to include the thermal
expansion properties of the material in order to capture any change of shape due to
the temperature field. In other words, the geometry of the material manifold explicitly
depends on the material thermal expansion properties and the temperature field; it
is not purely kinematic. This is in contrast with the material manifold of solids with
distributed defects, which is purely kinematic and only depends on the density of
defects [90, 91, 92, 94, 93].
2.4.2 The generalized coupled heat equation
In thermoelasticity, the material metric G depends explicitly on the the temperature
field. Therefore, the evolution of the material geometry should be governed by the
evolution of the temperature field. In what follows, we derive the generalized heat
equation starting from the basic principles of thermodynamics within our geometric
thermoelasticity framework. Note that this does not contradict the kinetic equation
(9), indeed, the Rayleigh potential R should be such that the kinetic equation (9)
leads to the generalized heat equation (30) we set to derive in this section.
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The first law of thermodynamics The first law of thermodynamics postulates
the existence of a state function, namely the internal energy that satisfies, in the case
of a static material metric and in the absence of any mass input/output, the following














ρ (g(B,V ) +R) dV +
∫
∂U
(g(T ,V ) +H) dA ,
where E is the material specific internal energy, R(X, t) is the heat supply per unit
undeformed mass and H(X,DT,N , t) is the heat flux across a surface with unit
normal N , where T = T (X, t) denotes the temperature field and DT = ∂T
∂XA
dXA .
However, in the present work, the material metric is a dynamical variable and there
is a external mass input/output. Hence, the energy balance should be modified to
take into account the rate of change of the energy due to the rate of change of the































(g(T ,V ) +H) dA .
In localized form, the material balance of energy reads
ρĖ = S :D −DivQ+ ρR + ρ ∂E
∂G
:Ġ , (19)
where a doted quantity denotes its total time derivative, e.g., Ė = dE
dt
, D = 1
2
Ċ[(X, t)
is the material rate of deformation tensor,Q = Q(X, t) is the external heat flux vector
per unit area such that H(X,DT,N , t) = −g (Q(X, t),N ) . In local coordinates, we
write the divergence of Q as





The second law of thermodynamics The second law of thermodynamics postu-
lates the existence of a state function, namely the entropy that satisfies, in the case
17

















where N = N (X,T,C[,G) is the specific entropy. Similarly to the first law of
thermodynamics, the Clausius-Duhem inequality should also be modified to include










































Constitutive equations In the following we prove that the constitutive equations
(3) can actually be obtained as a consequence of the restrictions imposed by the
Clausius-Duhem inequality (20) on the constitutive model. The (hyperelastic) con-
stitutive model is given by the specific free energy function
Ψ = Ψ(X,T,C[,G) ,
such that the specific internal energy E is the Legendre transform of −Ψ with respect
to the conjugate variables T and N , i.e.




It follows that the specific internal energy E is such that
E = E(X,N ,C[,G) , ∂E

















:Ċ[ + ρTṄ − ρT ∂N
∂C[
:Ċ[ − ρT ∂N
∂T
Ṫ − S :D + 1
T
〈DT,Q〉 ≤ 0 . (23)
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Therefore, recalling that D = 1
2












〈DT,Q〉 ≤ 0 . (24)
The above inequality holds for all deformations ϕ and metrics G . In particular,







〈DT,Q〉 ≤ 0 .
Note that DT and Ġ = dG
dT
Ṫ can be chosen arbitrarily and independently. Let T be
homogeneous, i.e., DT = 0 , then ∂N
∂G





Now we assume that temperature is homogeneous and time-independent. Thus, the






:D ≤ 0 ,





Nonlinearly coupled heat equation Following the laws of thermodynamics, one
can find the nonlinear coupled heat equation. Note that the energy balance (19) can
be simplified to
ρT Ṅ = ρR−DivQ . (26)










:Ċ[ + ρR . (27)
The specific heat capacity at constant strain cE is defined as the quantity of heat
required to produce a unit temperature increase in a unit mass of material at constant
strain (Ċ[ = 0), i.e.
DivQ = −ρcEṪ . (28)
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We can now rewrite (27) as the nonlinear coupled heat equation






:Ċ[ + ρR . (30)
In particular one can further assume a Fourier’s law of thermal conduction, i.e.,







2.4.3 A nonlinear thermoelastic constitutive model
In the following, we present, in the context of the proposed geometric theory with a
temperature-dependent material metric, a thermoelastic model for rubber-like mate-
rials following the models proposed by [11], [57, 58, 59], and [35].
For a hyperelastic solid, the free energy provides the material constitutive infor-
mation given by the independent variables (X,T,C,G) . The free energy density is
defined as6 ψ = E − TN (E is the internal energy density and N is the entropy
density) and the (hyperelastic) constitutive model reads ψ = ψ(X,T,C,G) . The











If we assume that cE depends only on temperature, then we can write
7






5Note that the partial derivative with respect to temperature in (27) and (29) is a partial deriva-
tive with respect to temperature with C and G being fixed, i.e., ∂∂T =
∂
∂T |C,G .
6Note that ψ = ρΨ .
7Note that the material mass density ρ depends only implicitly on temperature via the material
metric, i.e., ∂ρ∂T = 0 but
dρ
dT = −βρ .
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and









We can therefore write


















In the case of an isotropic solid, the specific free energy ψ depends on I = tr(C) ,
II = det(C) tr(C−1) = 1
2




, which are the principal
invariants of C . Furthermore, experiments suggest that for rubber-like materials,
the internal energy density depends only on the volumetric part of deformation [83],
i.e, we can write E = E(T, J) . Note that this confirms the assumption made on
cE = cE(T ) . Following the works cited above, if we denote by κ0 , µ0 and β0 , the
bulk modulus, the shear modulus, and the volumetric coefficient of thermal expansion
at T0 , respectively, we consider the following constitutive model for a homogeneous
isotropic rubber-like material
ψ(T0, Ĩ(X,T ), J(X,T )) =
µ0
2
(̃I− 3) + κ0
2
(J − 1)2, E(T0, J) = κ0β0T0(J − 1), (35)
where Ĩ = J−2/3I . It follows that

















In the incompressible case, we have the constraint J − 1 = 0 associated with the
pressure field p as the Lagrange multiplier











dτ − p(J − 1) . (37)
One may now ask if it is possible to find a relation between the function ω(T )
appearing in the material metric and the free energy (36). The answer is affirmative.
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Let us consider a homogeneous body modeled by the free energy density (36) and
assume that it is stress free at the uniform temperature T0 . Now let us assume that
the temperature of the body is changed to another uniform temperature T . The
body undergos a purely volumetric deformation and remains stress free. Note that
the mean Cauchy stress σ = 1
3







(J − 1)− κ0β0(T − T0) = 0. (38)
Therefore






On the other hand, note that we have for this deformation
J = etr(ω(T )) . (40)
It follows from (39) and (40) that


















2.4.4 A spherical ball made of an incompressible isotropic solid
In this section we consider an incompressible isotropic solid sphere of radius Ro un-
der uniform normal traction on its boundary and ignore body forces. In spherical
coordinates (R,Θ,Φ) , for which R ≥ 0 , 0 ≤ Θ ≤ π , and 0 ≤ Φ < 2π , the material





0 0 R2 sin2 Θ
 . (43)
8Note that we recover the result derived by [59], Eq. (102-c).
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We assume a radially-symmetric temperature field T = T (R, t) in the ball and let
αR = αR(R, T ) be the radial thermal expansion coefficient and αΘ = αΘ(R, T ) be the
circumferential thermal expansion coefficient of the ball. The temperature-dependent





0 0 R2e2ωΘ sin2 Θ
 , (44)
where for K ∈ {R,Θ} , ωK(R, T (R, t)) =
∫ T (R,t)
T0
αK(R, τ)dτ . The Christoffel symbol


































































. We equip the ambient space with the following





0 0 r2 sin2 θ
 . (46)
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0 0 −r sin2 θ























Thermal stresses. We next solve for the thermal stress field when the solid sphere
is made of an arbitrary incompressible isotropic solid and the temperature field is
radially symmetric. In order to calculate the thermal stresses, we embed the mate-
rial manifold into the ambient space and look for solutions of the form (r, θ, φ) =

















r′ = 1 , (49)
























For an incompressible isotropic solid, the free energy density per unit undeformed
volume ψ = ρΨ is expressed as a function of I = trC and II = detCtrC−1 =
1
2
(tr(C)2 − tr(C2)) , i.e., ψ = ψ(R, T, I, II, J = 1) . Therefore, we can write [18]







− pgab , (52)
where ψI =
∂ψ
∂I , ψII =
∂ψ
∂II , and p = p(R, t) is the pressure field due to the incom-


































where p = p(R, t) is the pressure field due to the incompressibility constraint. The




































Assuming that the boundary of the solid sphere is under uniform normal traction,












+ σo , (56)
and it follows that























dξ + σo .
(57)
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Finally, given a radially-symmetric temperature field T = T (R, t) , the thermal stress




















































































Heat equation. We assume that there is no external heat supply, i.e., R = 0 ,
and that the heat conduction in the material is isotropic, i.e., K = kG] , where



































where ρo(X) = ρ(X,Go) is the mass density in the stress-free configuration with
uniform temperature T0 . If we further assume that the material is thermally isotropic
































In order to solve for the temperature and stress fields, one needs to find ωR and
ωΘ to explicitly specify the material metric (cf. (44)). We assume in the remainder
26
of this section that the material is thermally homogeneous and that the metric G0
corresponds to the uniform stress-free temperature field of the ball T0(R) = To (i.e.,
G|T=To = G0), where To is the temperature of the outside medium surrounding the
ball. For K ∈ {R,Θ} , we have
ωK(R, T (R, t)) =
∫ T (R,t)
To
αK(T )dT . (62)
Example 2.4.1. In this example we solve for the stress field induced by a static ther-
mal inclusion in a homogeneous, isotropic, thermally homogeneous and anisotropic
ball. Next, we assume a thermally isotropic material to compare with the linearized
elasticity solution. We consider a thermal inclusion of radius Ri < Ro :
T (R) =

Ti R ≤ Ri ,
To R ≥ Ri .
(63)





αK(T )dT R ≤ Ri ,
0 R > Ri .
(64)













3 R > Ri .
(65)





























+ σ̂rr , (66b)
σ̂φφ = σ̂θθ . (66c)

















Therefore, I and II are both constant inside the inclusion, and because the material
is homogeneous and isotropic, ψ = ψ(Ti, I, II) . Thus, the terms ψI and ψII are both










































σ̂φφ = σ̂θθ ,
(68b)















dξ − σo . (69)




























+ σ̂rr , (70b)
σ̂φφ = σ̂θθ . (70c)
Remark 2.4.2. Note that in the absence of body forces, for a homogeneous, isotropic,
thermally homogeneous and isotropic solid sphere with a uniform normal traction on
its boundary and with a radially-symmetric thermal inclusion, the stress inside the
inclusion is uniform and hydrostatic. However, if the material is thermally anisotropic
(i.e., ωR 6= ωΘ), the stress field has a logarithmic singularity at the center of the ball.9
Comparison with the linear case. Next, we compare the thermal stress field
with the classical linear elasticity solution. We consider a homogeneous, isotropic,
9Similar results were observed for distributed eigenstrains in [92, 95].
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thermally homogeneous and isotropic, and traction-free solid sphere. The classical





























T (ξ)ξ2dξ − T
]
. (71b)
Incompressible linearized elasticity corresponds to ν = 0.5 , i.e., λ → ∞ . Thus, in
the case of the thermal inclusion (63), we find






























where ∆iT = Ti − To .
In order to compare the nonlinear solution with the linearized one, we consider the
thermoelastic model presented in § 2.4.3 and enforce the incompressibility condition.







(1 + 3αoTo)∆iT + To
∆iT + To
]
R ≤ Ri ,
0 R > Ri ,
(73)
and from (66) and (37) the thermal stress field reads
R ≤ Ri :
{




















































R ≥ Ri .
(75)
For small ∆iT , we have the following asymptotic expansions:
R ≤ Ri :









































































































σ̂φφ = σ̂θθ .
(76)
We have thus recovered, up to the first order in ∆iT , the classical linearized elasticity
solution.
We consider the case of rubber-like solids for which we typically have αo = 6 ×
10−4 K−1 at 300◦K , i.e., αoTo = 0.18 . In Figures 1 and 2, we plot the static thermal




the thermal inclusion (63). The two solutions for the stress field are very close for
small values of δT (i.e., in the range of validity of linearized elasticity). For larger
values of δT , even though linearized elasticity captures the overall behavior of σ̂
rr and
σ̂θθ , it fails by overestimating their values (the relative difference of stress reaches 45%
inside the inclusion for δT = 30%).
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←−−−−−−−− δT = 0.05
←−−−−−−−− δT = 0.1
←−−−−−−−− δT = 0.2
←−−−−−−−− δT = 0.3
Linear solution Nonlinear solution
solution
Figure 1: Nonlinear and linear solutions for the radial stress field for RiRo = 0.1 , αoTo = 0.18














←−−−−−−−− δT = 0.05
←−−−−−−−− δT = 0.1
←−−−−−−−− δT = 0.2
←−−−−−−−− δT = 0.3
←−− δT = 0.05←−− δT = 0.1
←−− δT = 0.2
←−− δT = 0.3
Linear solution Nonlinear solution
solution
Figure 2: Nonlinear and linear solutions for the circumferential stress field for RiRo = 0.1 ,





Example 2.4.2. In this example we numerically solve for the evolution of tempera-
ture and thermal stress fields for a homogeneous, isotropic, thermally homogeneous
and isotropic, and traction-free ball for which we assume the thermoelastic model
described in Appendix 2.4.3. Following (41), we find







































Given the free energy density (37), it follows from (58) that the physical components
























dξ − σo ,
(79a)
























σ̂φφ = σ̂θθ . (79c)
Now, let us find the time-dependent temperature field in order to evaluate the
thermal stress field by solving the coupled heat equation (61). We assume that the
heat conduction coefficient depends only on temperature and consider the follow-
ing empirical model for elastomer vulcanizates (cf. [77]), suggesting that the heat
conduction coefficient decreases with temperature
k(T (R, t)) = ko [1− s(T (R, t)− To)] , (80)
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where ko = k(To) and s is a softening parameter. Therefore, (61) reads{























































































































ĊΦΦ = ĊΘΘ sin
2 Θ , (84c)













Ṫ (ξ, t)dξ . (85)
10Recall, as noted earlier, that ∂∂T =
∂
∂T |C,G is a partial derivative with respect to T with C and
G fixed.
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Thus, the coupled heat equation (61) reads{







































































On the boundary of the ball, we consider a convection boundary condition, i.e.





= ho[To − T (Ro, t)] , (87)
where ho is the surface heat transfer coefficient at the boundary of the ball. We
assume that ho is constant and introduce the parameter γ = hoRo/ko . As an initial
temperature field, we consider a thermal inclusion of radius Ri , i.e.
Tinit(R) =

Ti R ≤ Ri ,
To R > Ri .
(88)


























T (ξ, t)ξ2dξ − T (R, t)
]
. (89b)
In the classical linearized elasticity literature, the coupling term is neglected and the






















[To − T (Ro, t)] .
(90)
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Figure 3: Temperature field in the sphere for RiRo = 0.1 , γ = 1 , αoTo = 0.18 , µo/ρocETo =
0.001 and δT = 30% at different
t
τ (Solid lines: nonlinear solution; dashed lines: linear
solution).
The solution to (90) can be found analytically using a Fourier series expansion (see
[10] for a detailed derivation.)
T (R, t) = 2∆iT
∞∑
n=1
ζ2n + (γ − 1)2





























τ + To ,
(91)
where ζn are the positive solutions of ζ cot ζ = 1− γ .
We consider a rubber sphere of radius Ro = 15 cm for which the surface heat
transfer coefficient for the rubber-air convection is ho = 10 W/m
2.K . We let To =
300◦K and δT =
∆iT
To
= 30% and assume the following typical values for rubber-like
materials: ρo = 10
3 kg/m3 , cE = 1800 J/kg.m , ko = 0.15 W/m.K , s = 0, 004 K
−1 ,
αo = 6 × 10−4 K−1 , and µo = 0.54 GPa . We numerically solve the initial/boundary
value problem (86), (87), (88) for the temperature field T (R, t) and show its evolution
in Figure 3 by plotting T (R,t)−To
To
at different values of t/τ , where τ is a characteristic
time defined as τ = ρocER
2
o/ko . In Figures 4-5, we show the nonlinear thermal stresses
(79). For comparison purposes, we also show the linearized solution (89) and (91) in
Figures 3-5. We observe that the initial irregularities in the initial temperature and
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Figure 4: Radial stress field for RiRo = 0.1 , γ = 1 , αoTo = 0.18 and µo/ρocETo = 0.001 at
different tτ (Solid lines: nonlinear solution; dashed lines: linear solution).
















Figure 5: Circumferential stress field for RiRo = 0.1 , γ = 1 , αoTo = 0.18 and µo/ρocETo =
0.001 at different tτ (Solid lines: nonlinear solution; dashed lines: linear solution).
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thermal stress fields are smoothed out; at large times both the temperature difference
T − To and thermal stress fields tend to zero. The nonlinear and linear solutions
for the temperature field (Figure 3) show a similar trend but we observe a significant
difference for thermal stress fields between the linear (89) and nonlinear (79) solutions
(the maximum relative difference is of 38% inside the inclusion for σ̂rr and σ̂θθ , see
Figures 3-5). We also observe that in the nonlinear solution the maximum thermal
stress does not necessarily correspond to t = 0 , i.e. maximum stress occurs at a later
time t > 0.
Remark 2.4.3. We observe that the coupling term in the nonlinear heat equation
(86) is negligeable. In fact, if we neglect the coupling term in (86), the resulting




Many thin three-dimensional elastic bodies can be reduced to elastic shells: two-
dimensional elastic bodies whose reference shape is not necessarily flat. These ideal-
ized objects are suitable models for many physical, engineering, and biological sys-
tems. Here, we formulate a general geometric theory of anelastic shells that describes
both the evolution of the body shape, viewed as an orientable surface, as well as its
intrinsic material properties such as its reference curvatures. In this geometric the-
ory, anelastic eigenstrains are modeled using an evolving referential configuration for
the shell. Geometric quantities attached to the surface, such as the first and second
fundamental forms are obtained from the metric of the three-dimensional body and
its evolution. The governing dynamical equations for the body are obtained from
variational consideration by assuming that both fundamental forms on the material
manifold are dynamical variables in a Lagrangian field theory. As an example, we
apply these ideas to study morphoelastic shells, i.e., elastic shells that can remodel
and grow in time. We find some stress-free growth fields of a planar sheet, and the
residual stress field of a morphoelastic circular shell. Note that the results of this
section have been previously reported in our published work [72].
3.1 Shell as a Hypersurface
Idealization of a thin body Let B be a three-dimensional thin body (i.e. its
thickness is negligible compared to the other two dimensions) identified with an ori-
entable three-dimensional Riemannian manifold B endowed with the metric Ḡ . Let














Figure 6). We assume in the following that H is an orientable hypersurface of B .
We show in the following that the natural isometric embedding of H in B induces
independent in-plane and out-of-plane geometries for the hypersurface H .
Let (X1, X2, X3) be a local coordinate chart compatible with H . In this coordi-



















 , ∀X ∈ H , (92)
and the second fundamental form of H has the following components
BAB(X) = Γ̄
3









∂AḠKB + ∂BḠKA − ∂KḠAB
)
is the Christoffel symbol of












(X) , A,B = 1, 2 , ∀X ∈ H , (93)




is evaluated at the point where the curve X3 meets the hypersurface H . Since ḠAB
and ∂ḠAB
∂X3
can be prescribed independently, equations (92) and (93) demonstrate that
independent first and second fundamental forms G and B of the hypersurface H can
be obtained from the metric Ḡ of the embedding space B . Therefore, we only need
to specify the components ḠAB for A,B = 1, 2 to characterize the geometry of H .




 , ∀X ∈ B . (94)
Remark 3.1.1. In the local coordinate chart (X1, X2, X3), note that the compo-
nents ḠA3 , A = 1, 2, 3 of the metric Ḡ do not affect the geometry of H. Indeed,
from equations (92) and (93), the geometry of H depends only on the restriction of
the metric Ḡ to H (i.e., ḠAB|H , A,B = 1, 2) and its first order derivative along
the normal to H (i.e., ∂ḠAB
∂X3
|H , A,B = 1, 2). Therefore, higher order variations
of ḠH along the thickness of B are not captured by the geometry of H. As an
example, let B be a thin body in R3 with the coordinate chart (X1, X2, X3) such
that the hypersurface X3 = 0 contains the mid-surface H . Two different met-
rics for B such that Ḡ1AB(X) = eX
3
δAB , and Ḡ
2
AB(X) = (1 +X
3) δAB , ∀X ∈
B , A,B = 1, 2 , correspond to the same geometry for H given by GAB = δAB and
BAB = −12δAB , A,B = 1, 2 . Also, if we consider an evolving metric such that
ḠAB(X, t) = (1 + (X
3)2f(t)) δAB , ∀X ∈ B , A,B = 1, 2 , where f is a given function
of time, we find that the geometry of H does not capture this evolution as it remains
unchanged both in-plane and out-of-plane (G = δ and B = 0 ).
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Evolving material geometry and anelasticity in a shell In order to model





, i.e., we leave the manifold B fixed and endow it with an
evolving metric1 Ḡ , i.e., Ḡ = Ḡ(X, t) , such that at t = 0 , we have Ḡ(X, 0) = Ḡ0(X)
the metric of a natural stress-free configuration of B. In this work, however, we are




with an evolving metric such that, in a local coordinate chart (X1, X2, X3) compatible
withH , only ḠH is evolving.2 Now, we leave the mid-surface manifoldH fixed and let
its evolving first and second fundamental forms G and B be induced from its natural
isometric embedding in B . Therefore, in the local coordinate chart (X1, X2, X3), the
metric reads
G(X, t) =
 Ḡ11(X, t) Ḡ12(X, t)
Ḡ12(X, t) Ḡ22(X, t)
 , ∀X ∈ H , (95)
and the second fundamental form of H is written as







(X, t) , A,B = 1, 2 , ∀X ∈ H . (96)
We will discuss, in §3.3, the governing equations for the evolution of the first and
the second fundamental forms of shells and see how the evolving geometry of the
material manifold is coupled with its current state of stress. Note that the evolving




, i.e., they satisfy
the Gauss and Codazzi-Mainardi equations (253) and (254).
To illustrate the evolving geometry of a surface, we consider a flat thin body




. Let (X1, X2, X3)
be the standard coordinate chart for R3 such that the hyperplane X3 = 0 contains
the surface H . If we assume that the body undergoes an evolution that is uniform
through its thickness, then we can model it by an evolving metric ḠH such that
1Other examples of evolving material metrics in mechanics have been introduced in [62, 90, 91,
92, 88, 94, 27].
2cf. (94) where the notation ḠH was introduced.
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ḠAB(X, t) = ḠAB(X
1, X2, t) , ∀X ∈ B , A,B = 1, 2 (i.e., ḠAB’s do not depend on
X3), then, we obtain an evolving geometry forH with an evolving metric GAB(X, t) =
ḠAB(X, t) , ∀X ∈ H and a vanishing second fundamental form. As an example
ḠAB(X
1, X2, t) = f(t)δAB , A,B = 1, 2 , for some function f of time, models a uni-
form in-plane evolution with no out-of-plane geometry change (i.e., a vanishing second
fundamental form). However, if we assume that the body undergoes an evolution that
is not uniform through its thickness we obtain an evolving geometry for H such that
the second fundamental form evolves with time: BAB(X, t) = −12 ∂ḠAB∂X3 |H(X, t) . As
an example, we let ḠAB(X, t) = f(X
3, t)δAB , A,B = 1, 2 , for some function f of
time and X3 such that f(0, t) = 1 , ∂f
∂X3
(0, 0) = 0 , and ∂f
∂X3
(0, t) 6= 0 for t 6= 0 (e.g.
f(X3, t) = eX
3t). Then we have an evolving geometry for H such that the metric of





Remark 3.1.2. Given the fact (discussed in Remark 3.1.1) that the geometry of H
depends only on the restriction of the metric Ḡ toH and its first order derivative along
the normal to H, we are bound to model a restrictive class of material evolutions.
We assume that the evolving material manifold (H,G(., t)) at time t is diffeomorphic
to the reference manifold (H,G0) at time t = 0 , so that this diffeomorphism can be
extended to a neighborhood of H in B in such a way that the push-forward of the




is precisely the evolving normal




. Note that this implies that during the material
evolution of the shell, at any point of H , the normal to H remains normal.
We can write the evolving metric ḠH in the form
ḠH(X, t) = Ḡ
0
H(X)e
2ω̄(X,t) , ∀X ∈ B ,
where ω̄ is a smooth (11)-rank tensor characterizing growth of the thin body B such
that ω̄(X, 0) = 0. Following (95), the evolving first fundamental form of H is given
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by
G(X, t) = G0(X)e2ω(X,t) , ∀X ∈ H ,
where G0 = Ḡ0H
∣∣
H and ω = ω̄|H . Following (96), for X ∈ H , the evolving second
fundamental form of H is given by































and hence we write the evolving first and second fundamental forms of H as
G(X, t) = G0(X)e2ω(X,t) , B(X, t) = B0(X)e2ω(X,t)−G0(X)K(X, t)e2ω(X,t) , (97)
such that ω(X, 0) = 0 and K(X, 0) = 0 , so that at t = 0 , G(t = 0) = G0 and
B(t = 0) = B0 . For an isotropic evolution, we have ω1 = ω2 = ω and K1 = K2 = K,
recalling that for A = {1, 2} , KA = ∂ω̄A∂X3 , hence, we obtain
G(X, t) = G0(X)e2ω(X,t) , B(X, t) = B0(X)e2ω(X,t) −K(X, t)G0(X)e2ω(X,t) , (98)
such that ω(X, 0) = 0 and K(X, 0) = 0 .
Remark 3.1.3. The Riemannian surface form—i.e., the volume form of the surface
H—associated with the metric G is written as
dS(X,G) =
√
detG dX1 ∧ dX2 =
√
detG0 etr(ω(X,T ))dX1 ∧ dX2 = etr(ω(X,t))dS0(X) ,
where dS0 is the Riemannian surface form associated with the metric G
0 . Using the
identity det eA = etr(A) , the rate of change of the volume element due to the evolving















Figure 7: A configuration ϕ : H → S of a Riemannian surface (H,G) in the ambient
space (S, g̃) . The vector fields N and n are the unit normal vector fields of H and ϕ(H) ,
respectively.
Alternatively, by using the identity d
dt



















3.2 Kinematics of Shells
Let the ambient space be S = R3 endowed with the standard Euclidean metric





. A configuration ofH in S is a smooth embedding
ϕ : H → S . We denote the set of all configurations of H in S by C . As shown
in Figure 7, the Riemannian manifold (ϕ(H), g,β) , where g := g̃|ϕ(H) and β ∈
Γ(S2T ∗ϕ(H)) the second fundamental form of ϕ(H) , is a hypersurface in S . Let ∇
and ∇̃ be the Levi-Civita connections of g and g̃, respectively. Let n ∈ X(ϕ(H))⊥
be the smooth unit normal vector field of ϕ(H) and R ∈ Γ(S4T ∗ϕ(H)) be the
Riemannian curvature of the surface ϕ(H) . Since the ambient space S = R3 is flat,
the Gauss and Codazzi-Mainardi equations for the Riemannian manifold (ϕ(H), g)
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read
R(x,y, z,w) = β(x, z)β(y,w)− β(x,w)β(y, z) , (100a)
(∇xβ) (y, z) = (∇yβ) (z, z) . (100b)
We denote objects and indices by uppercase characters in the material manifold (e.g.,
X ∈ H for a material point) and by lowercase characters in the spatial manifold (e.g.,
x ∈ ϕ(H) for a spatial point). In the remainder of the paper, unless stated otherwise,
all indices (material and spatial) take values in the range 1, 2 . We adopt the standard
Einstein convention of summation over repeated indices.
Strain measures We define the deformation gradient F as the tangent map of
ϕ : H → ϕ (H) , i.e., F (X) := TXϕ : TXH 7→ Tϕ(X)ϕ (H). The right Cauchy-Green
deformation tensorC ∈ Γ(S2T ∗H) is defined as the pull back of the spatial metric [50],
C(X) := ϕ∗g(X) : TXH 7→ TXH, i.e., C(X,Y ) = g(ϕ∗X, ϕ∗Y ) , ∀X,Y ∈ X(H) .




Bgab. The Jacobian of the motion J relates the material
and spatial Riemannian surface forms dS(X,G) and ds(ϕ(X), g) by
ϕ∗ds = JdS .






The material strain tensor E ∈ Γ(S2T ∗H) is given by E = 1
2
(C −G). The spatial
strain tensor e ∈ Γ(S2T ∗ϕ(H)) is defined as e = 1
2
(g − c), where c = ϕ∗G . Note
that e = ϕ∗E . The material and spatial strain tensors are intrinsic in the sense that
they are determined by the metrics of the reference and the final configurations of
the surface. We introduce extrinsic strain tensors for configurations of surfaces that
depend on the second fundamental form as follows. The extrinsic deformation tensor
Θ ∈ Γ(S2T ∗H) is defined as the pull back of the spatial second fundamental form




Figure 8: Strains of two different configurations of a sheet: (i) The configuration ϕ1 maps
the sheet to a section of a cylinder with E = 0 , and H 6= 0 , (ii) the configuration ϕ2 is an
in-plane extension of the sheet with E 6= 0 , and H = 0 .




Bβab. We define the extrinsic material strain tensor
as H := 1
2
(Θ−B), and the extrinsic spatial strain tensor as η := 1
2
(β − θ), where
θ := ϕ∗B . Note that η = ϕ∗H . As an example, consider two different configurations
of a sheet shown in Figure 8. The configuration ϕ1 is an isometry between the sheet
and a section of a cylinder, and therefore, E = 0 . However, note that since the
out-of-plane geometry has changed, we have H 6= 0 . On the other hand, ϕ2 is an
in-plane deformation of the sheet with E 6= 0 , and H = 0 .
Compatibility equations of shells The pull-back of the Gauss and the Codazzi
equations (100) of the surface (ϕ(H), g) by ϕ read [3]








where ∇C and RC are, respectively, the Levi-Civita connection and the Riemannian
curvature of the Riemannian manifold (H,C) . Given a metric C ∈ Γ(S2T ∗H) and
a symmetric tensor Θ ∈ Γ(S2T ∗H) , the relations (102) express the compatibility
equations for these tensors when H is simply-connected, i.e., they are the necessary
and locally sufficient conditions for the existence of a configuration of H with the
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given deformation tensors that is unique up to isometries of S = R3 whenH is simply-
connected [36, 3]. Hence, we observe that if ϕ1 and ϕ2 are different configurations of
the surface H ⊂ R3 with the same deformation tensors, then ϕ1 ◦ ϕ−12 and ϕ2 ◦ ϕ−11
are rigid body motions of H in R3 . Note that similar to (255), given the symmetries
of the curvature tensor RC and the extrinsic deformation tensor, the compatibility
equations reduce in components to
RC1212 = Θ11Θ22 −Θ12Θ12 ,
Θ11||2 = Θ12||1 ,
Θ22||1 = Θ12||2 ,
where we denote by a double stroke || the covariant derivative corresponding to the
Levi-Civita connection of (H,C) .
Stress-free shell evolution Given a thin body B and its idealization, the mid-
surface H , we want to find those evolution fields that leave the shell “stress-free”, by
which we mean both stress and couple-stress free. As introduced earlier, given the
smooth embedding ϕ of the surface (H,G,B) into the Euclidean space S to form a
surface (ϕ(H), g,β), the tensors 2E = ϕ∗g −G and 2H = ϕ∗β −B, respectively,
provide measures of in-plane and out-of-plane strains. Therefore, the surface is stress-
free when these two measures are identically zero, i.e., ϕ∗g = G and ϕ∗β = B .
Noting that C = ϕ∗g and Θ := ϕ∗β are uniquely specified by (102) when H is
simply-connected, it follows that a simply-connected shell H is stress-free if and only
if G and B are specified by (102), i.e., we have







(Y ,Z) . (104b)
These are precisely the necessary and sufficient conditions for the simply-connected














Figure 9: The decomposition of the material velocity V = V ‖ + V ⊥ . The component
V ‖(X, t) is an element of Tϕ(X)ϕ(H) and V ⊥(X, t) is normal to Tϕ(X)ϕ(H) .
(104) reduce to
RH1221 = B11B22 −B12B12 ,
B11|2 = B12|1 ,
B22|1 = B12|2 .
Velocity and acceleration We define a motion to be a smooth curve t 7→ ϕt ∈ C ,
i.e., ϕt : H → S and denote ϕ(., t) := ϕt(.) and ϕX(.) := ϕ(X, .) . At time t ,
the surface ϕt(H) has the metric g := g̃|ϕt(H) , the Levi-Civita connection ∇ , the
unit normal vector field n ∈ X(ϕt(H))⊥ , and the second fundamental form β ∈
Γ(S2T ∗ϕt(H)) . The material velocity is the mapping V : H × R → TS , (X, t) 7→
V (X, t) := TtϕX [∂t] , ∀X ∈ H. We denote for each X ∈ H , VX := V (X, ·) the
vector field along the curve ϕX , i.e., VX ∈ X(ϕX) . Using the decomposition of TS ,




X (t) , where V
‖
X(t) ∈




, i.e., V ‖ is parallel to ϕt(H) and V ⊥ is
normal to ϕt(H), see Figure 9. The spatial velocity at a fixed time t is a vector field




, where x = ϕ−1t (X) ∈ ϕt(H) ⊂ S .
Note that even though for a fixed t , the mapping ϕt : H → S is a smooth embedding,
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the mapping ϕ : H × R → S is, in general, not even an immersion. In fact, it
can be seen that T(X,t)ϕ is not necessarily injective. In {XA} and {xa} , some local






















Now, if V (X, t) = 0 (i.e., ∂ϕa/∂t = 0 for a = 1, 2, 3), or ϕ is an in-plane motion (i.e.,
in some coordinate chart for S such that ∂3 = n on ϕt(H) we have ϕ3 = 0), T(X,t)ϕ
is clearly not injective. However, if T(X,t)ϕ is injective, the implicit function theorem
implies that ϕ is a local diffeomorphism at (X, t) , and one can construct a local
vector field V on S in a neighborhood of ϕ(X, t) such that V(ϕ(X, t)) = V (X, t) =
v(ϕ(X, t), t) . Hence, the material acceleration can be in this case unambiguously
defined as
A(X, t) = DϕXVX := ∇̃VV(ϕ(X, t)) ,
where DϕX is the covariant derivative along ϕX . Using the decomposition of the
material velocity into parallel and normal components V = V‖ + V⊥ and assuming
that ϕ is a local diffeomorphism at (X, t) , one can write
A(X, t) = ∇̃V(V‖ + V⊥) = ∇̃VV‖ + ∇̃VV⊥ .










+ ∇̃V‖V‖ + ∇̃V‖V⊥ .
Note that since V = V(ϕ̃(X, t)) does not explicitly depend on time, hence, denoting




= LVV‖, which is tangent to St .3






ϕt ◦ ϕ−1s is the flow of V .
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Following the definition of the second fundamental form, we have ∇̃V‖V‖ = ∇V‖V‖+
β(V‖,V‖)n. We let Vn = g̃(V,n) , i.e., V⊥ = Vnn . The metric compatibility of ∇̃







= 2g̃(∇̃Wn,n) = 0 ,
i.e., ∇̃Wn ∈ X (ϕ(H)) . Thus ∇̃V‖n = −g] · β ·V‖ . Therefore




n− Vng] · β ·V‖ .
On the other hand, we have
















. We consider an arbitrary vector field U in S such













. However, at ϕ(X, t) , we have
∇̃VU = [V ,U ] + ∇̃UV = [V ,U ] + ∇̃UV‖ + ∇̃UV⊥










= V nβ(V ‖,U ) + V n (dV n ·U) .












= −Vng] · β ·V‖ − Vn (dVn)] .
4Note that since the vector U is tangent to H at ϕ(X, t) , the vectors [V ,U ] = LVU and ∇̃Un
are tangent to H as well.
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+ dVn · V ‖
]
n .
3.3 The governing equations of motion
In this section we derive the governing equations of motion for a shell with an evolving
reference configuration: balance of mass, balance of linear and angular momenta, and
the kinetic equations of evolution.
Balance of mass We denote the material and spatial surface mass densities (mass
per unit area) by ρ and % , respectively, and let U be any open set in H with a smooth
















where Sm = Sm(X, t) is a given scalar field characterizing the material rate of change
of mass per unit area. Recalling that dS =
√
detG dX1 ∧ dX2 , it follows from (108)








= Sm , (109)
which, using the identity d
dt






, gives the mate-




ρ trĠ = Sm , (110)
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where the dot denotes total time differentiation. Note that if we write the evolving









[tr(ω)] = Sm .




= J(X,ϕ,G, g) , and ρ = J% , it follows from (110) that












= sm , (111)
where sm(X, t) =
1
J
Sm(X, t) is the spatial rate of change of mass per unit area. Using





































where trC is the trace taken with respect to the metric C . Recalling the decomposi-




= Lvg = Lv‖g − 2vnβ ,






= 2divv‖ − 2vntrβ ,
where div denotes the divergence on the surface ϕt (H). Therefore, (111) gives the
spatial local form of the balance of mass for a growing shell as %̇+ %divv‖− %vntrβ =
sm.










Balance laws Given the right Cauchy-Green deformation tensor C and the extrin-
sic deformation tensor Θ , the geometry of the deformed surface is uniquely defined
(See § 3.2). However, in order to specify the evolution of an element of the deformed
surface, we need to know its position ϕ and its orientation by means of the normal
vector field N . Therefore, in the classical theory of nonlinear elasticity of shells, we






L(X,ϕ,N , ϕ̇, g̃ ◦ ϕ,C,Θ,G)dSdt ,
where L = L(X,ϕ,N , ϕ̇, g̃,C,Θ,G) is the Lagrangian density per unit surface area.6
The governing equations of motion follow from Hamilton’s principle of least action,
which states that the physical motion ϕ of H between t0 and t1 is a critical point for
the action functional, i.e.
δS(ϕ) = 0 .
In the present geometric theory of anelastic shells, the material first and second
fundamental forms are dynamical variables that vary independently of the motion.






L(X,ϕ,N , ϕ̇, g̃,C,Θ,G,B)dSdt .
We recall that dS(X, t) =
√
detG(X, t) dX1∧dX2, and define the Lagrangian density
L by
L(X,ϕ,N , ϕ̇, g̃,C,Θ,G,B) = 1
2
ρg̃(ϕ̇, ϕ̇)−W(X,C,Θ,G,B)− V(X,ϕ,N , g̃) ,
where W = W(X,C,Θ,G,B) is the elastic energy density per unit surface area
(related to the elastic deformation of a surface element), and V = V(X,ϕ,N , g̃) is the
potential energy density per unit surface area (related to the position—respectively
orientation—of a surface element in the body force—respectively moment—fields).
6Since the Lagrangian density is a scalar, it depends on the metrics G and g̃.
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Similar to the coordinate chart (X1, X2, X3) previously defined for B, let (x1, x2, x3)
be a local coordinate chart for S such that at any point of the hypersurface ϕ(H) ,
{x1, x2} is a local coordinate chart for ϕ(H) and the normal vector field n to ϕ(H)
is tangent to the coordinate curve x3 . Therefore, the Lagrangian density in this
coordinate chart reads







−W(X,C,Θ,G,B)− V(X,ϕ,N , g̃) .
(112)
Also, because anelasticity is, in general, a non-conservative process, we use Lagrange-







(Fϕ.δϕ+ FN .δN + FG :δG+ FB :δB) dSdt = 0 .
The sources of these forces depend on the particular underlying source of anelasticity.





, FN = −
∂R
∂Ṅ
, FG = −
∂R
∂Ġ




In the context of our theory, we disregard non-conservative forces due to the variations
of position and orientation and assume that it is only due to anelasticity, i.e., we
assume that R = R(Ġ, Ḃ,G) .
In order to take variations, we let ϕε be a 1-parameter family of motions such that
ϕ0,t = ϕt.
7 For fixed X and t , we consider the curve ϕt,X : ε 7→ ϕt,X(ε) := ϕε,t(X) ,
and define the variation of motion as the spatial vector field given by




Similarly, we let Gε be a 1-parameter family of material metrics such that Gε=0 = G
and for fixed X and t , we define the variation of the metric by the material tensor









Also, letBε be a 1-parameter family of second fundamental forms such thatBε=0 = B
and for fixed X and t , we define the variation of the second fundamental form by the























































Remark 3.3.1. Note that in taking the variation of the action, the variations of
C and Θ must be such that they satisfy the compatibility equations (102). Since
the variation of the action is taken by considering the variation of the deformation
mapping ϕ , the resulting variations of C and Θ (cf. (116) and (117)) are trivially
compatible, i.e., they trivially satisfy the compatibility equations (102). Hence these
compatibility equations are not constraints.
If we vary ε , for fixed time t and X ∈ H , the material velocity ϕ̇ε and the unit
normal N ◦ϕε lie in Tϕε,t(X)S . Therefore, their variations are given by their covariant
derivatives along the curve ϕt,X in S evaluated at ε = 0 . By the symmetry lemma




= Dϕt,X(ε) [Ttϕε,X [∂t]|ε=0
]





Following [37], the variation of the unit normal vector field is given by
δN = Dϕt,X(ε)N ε
∣∣
ε=0
= ∇̃δϕ‖N − (d(δϕn))] ,
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where ] denotes the operation of raising indices (sharp operator). In components











For any fixed time t and X ∈ H , the right Cauchy-Green deformation tensor Cε lies
in S2T ∗XH . Therefore, the variation of C is given by its total derivative with respect





















Note that [50, 86, 37] Lδϕg = Lδϕ‖g − 2δϕnβ. Hence, we have
δC = ϕ∗Lδϕ‖g − 2δϕnϕ∗β .









|A − 2δϕnF aAF bBβab . (116)
The extrinsic deformation tensor Θε lies in the same space S
2T ∗XH for fixed time t
and X ∈ H . Hence, the variation of Θ is given by its total derivative with respect to





















The variation in terms of the Lie derivative of the second fundamental form is given
by [86, 37]
Lδϕβ = Lδϕ‖β − δϕnC + Hessδϕn ,
where C denotes the third fundamental form of the surface ϕt(H) and is defined for






and Hessf denotes the Hessian of the scalar-valued function f and is defined for
x,y ∈ X(ϕt(H)) by





























The variation of the ambient space metric vanishes identically since it is compatible
with the connection, i.e.
δg̃ ◦ ϕ = Dϕt,X g̃ ◦ ϕ = ∇̃δϕg̃ = 0 . (118)
In order to obtain the balance laws, we fix the first and the second fundamental
forms, i.e., δG = 0 and δB = 0 and vary ϕ. Therefore, following (113) and by




















































































along with the following equations prescribing a vanishing initial velocity vector field







Figure 10: Boundary loads: V , ϑ, and Q are the surface traction, the moment, and the
shear, respectively. T denotes the outward in-plane normal.




























TB = 0 , (120c)
∂L
∂ΘAB
F aATB = 0, (120d)
where T is the outward in-plane vector field normal to the boundary ∂H .
Remark 3.3.2. Note that we can modify the Lagrange-d’Alembert’s principle in
order to prescribe non-vanishing initial and boundary conditions on ∂H . Let V be
the boundary surface traction, ϑ be the boundary moment, Q be the boundary shear,























ρVt0 .δϕt0dS = 0 ,
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TB = JQ ,
∂L
∂ΘAB
F aATB = Jϑ
a .
We introduce the following surface tensors:
Second Piola-Kirchhoff stress tensor: S = 2
∂W
∂C




First Piola-Kirchhoff stress tensor: P = 2F
∂W
∂C


















Material couple stress tensor: M =
∂W
∂Θ




Two-point couple stress tensor: M = F ∂W
∂Θ
, in components, MbB = ∂W
∂ΘAB
F bA ;














We further introduce the following notations for the external loads



















= ρg̃A+ Smg̃V .
Therefore, the Euler-Lagrange equations (119) read
(








+ ρBa − ρβabLb − Smϕ̇a = ρAa , (122a)(













n = ρAn ,
(122b)
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and the vanishing initial and boundary conditions




TB = 0 , (123b)[
MbC |CF−Bb + ρLaF−Ba
]
TB = 0 , (123c)
MaBTB = 0 . (123d)
We apply the Piola transform9 to (122) and (123) and obtain the spatial version of














βac − µab|ab + %Bn + (%La)|a − smϕ̇n = %An , (124b)
and the vanishing initial and boundary conditions








ta = 0 , (125c)
µabtb = 0 , (125d)
where t is the outward in-plane vector field normal to the boundary ∂ϕt(H). By
pulling back the system of equations (124) with the mapping ϕ , we obtain the Euler-
Lagrange equations in the convected manifold (H,C)10 in terms of the convected
stress tensor Σ = ϕ∗σ = S/J and the convected couple stress tensor Λ = ϕ∗µ =
M/J . If we denote by a double stroke || the covariant derivative corresponding to




|A = 0 .
10We define the convected manifold to be the material manifoldH equipped with the right Cauchy-
Green deformation tensor C .
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n = %An ,
(126b)
and the vanishing initial and boundary conditions




TB = 0 , (127b)(





TA = 0 , (127c)
ΛABTB = 0 . (127d)
Recall that in terms of the deformation mapping ϕ : H → R3 , we can write the
components of C and Θ in a local chart {X, Y } of H as follow
CAB = ϕ,A · ϕ,B ,
ΘAB = ϕ,AB ·
ϕ,X × ϕ,Y
‖ϕ,X × ϕ,Y ‖
.
where · , × , and ‖.‖, respectively, denote the dot product, the cross product, and the
standard norm in R3 .
Given a constitutive relation, the stress and the couple stress tensors can be
written in terms of the first and the second fundamental forms of the deformed surface.
On the other hand, the first and the second fundamental forms of the deformed surface
can be written in terms of the motion ϕ such that the compatibility equations (102)
are trivially satisfied. Therefore, the system of equations (122) (or (124), or (126))
is a set of three equations for three unknowns (the three components of the motion),
and together with the initial and boundary conditions (123) (or (125), or (127)), they
form the complete set of governing equations for the morphoelastic shell problem.
11The components of C−1 , the inverse of C , are denoted by C−AB .
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Remark 3.3.3. Note that both systems of equations (122) and (124) reduce to the
elastic shell equilibrium equations for a zero-acceleration motion in the absence of any
external mass exchange (sm = 0) and dissipation (R = 0). See [12] (Equations (2.8)),
[74] (Equations (55) and (56)), [53] (Equations (5.36)), and [39] (Equations (6.3) and
(6.4)) where the shell problem is described by a system of three equations involving six
stress and couple stress components. Note that an alternative description is provided
by a system of six equations involving ten stress and couple stress components, see
[30] (Equations (3.6) and (3.11)) and [21] (Equations (26.6), (26.7) and (26.10)).
Remark 3.3.4. Following the definitions of the surface tensors and based on the
symmetry of the right Cauchy-Green tensor and the extrinsic deformation tensor, we
have the following symmetries for the stress tensors, which are the local forms of the
balance of angular momenta
ST = S , ΣT = Σ , PF T = P TF , σT = σ ,
MT = M , ΛT = Λ , MF T = MTF , µT = µ . (128)
Kinetic equations of evolution If we fix the motion, i.e., δϕ = 0, and vary
the first and the second fundamental forms, we obtain by arbitrariness of δG and
δB from (113) the following kinetic equations for the evolution of the first and the





































Assuming the existence of a Rayleigh potential R = R(Ġ, Ḃ,G) , we introduce a
variational characterization for the variation of energy in the shell due to growth.
The system of equations (130) provide a coupling of the rate of change of the first
and the second fundamental forms of H with its current state of deformation through
the elastic energy densityW of the material. Therefore, the evolution of the geometry
of the shell, i.e., the growth of the morphoelastic shell, is governed by (130).
Remark 3.3.5. [89] discussed the kinetic equation for the evolving metric in the case
of bulk growth for three-dimensional nonlinear elasticity. Note, however, that there














































where So is a stress-like tensor conjugate to Ġ . So is associated with the material
evolution and is a measure of anisotropy of the medium: So = 0 for an isotropic










In the context of the multiplicative decomposition of the deformation gradient F =
FeFg , the kinetic equation coupling the evolution of growth and stress is written
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in terms of the growth tensor Fg . [26] derived it using the so-called principle of
maximum entropy production rate, and [2, 61] used the Clausius-Duhem inequality.
Note that these equations are both equivalent and similar in form to (132).
Example 3.3.1. As an example, we consider the following Rayleigh potential
R(Ġ, Ḃ,G) = α1tr(Ġ) + α2tr(Ġ2) + β1tr(Ḃ) + β2tr(Ḃ2) . (133)
In components
R(Ġ, Ḃ,G) = α1ĠABGAB+α2ĠABĠCDGCAGDB+β1ḂABGAB+β2ḂABḂCDGCAGDB.
Therefore, if we assume a static shell in the absence of body forces and moments, the
kinetic equations (130) read










































We assume a Saint Venant-Kirchhoff constitutive model, for which the strain energy






















































12For details on the derivation of the Saint Venant-Kirchhoff shell model, see [22, 43, 45, 51, 46,
24, 25, 23].
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where λ and µ are respectively Lamé’s first and second parameters, E is the Young’s
modulus, and ν is Poisson’s ratio. Therefore, for a Saint Venant-Kirchhoff constitutive











































































3.4 Example: Morphoelastic Shells
As an application of the proposed geometric theory of anelastic shells, we study
examples in the case when anelasticity is due to bulk growth and remodelling of
the shell. See our work on morphoelastic shells [72] for more details. We look at
the stress-free growth of an initially planar sheet, and study the residual stress and
geometry evolution of a morphoelastic infinitely long circular cylindrical shell subject
to an internal pressure and a morphoelastic initially planar circular disk.
3.4.1 Stress-free growth fields for an initially flat simply-connected shell
We consider an initially flat thin shell B such that its mid-surface H is simply-
connected. Let (X, Y, Z) be the standard coordinate chart for R3 such that the
hyperplane X3 = 0 containsH . We assume that the morphoelastic shell is undergoing








which corresponds to the following evolving first and second fundamental forms for






 −KX(X, Y, t)e2ωX(X,Y,t) 0
0 −KY (X, Y, t)e2ωY (X,Y,t)
 ,
where ωA(X, Y, t) = ω̄A(X, Y, 0, t) and KA(X, Y, t) =
∂ω̄A
∂Z
(X, Y, 0, t) for A = X, Y .
Following §3.2, the growth of a simply-connected shell is stress-free if and only if the
relations (104) hold. In the case of an initially flat morphoelastic simply-connected









































Now we consider the following simplifying assumptions:
• If we assume that the in-plane growth is uniform, i.e., ωA = ωA(t) for A =
X, Y , we find that the growth is stress-free if and only if KX = KX(X, t) ,
KY = KY (Y, t) , and KXKY = 0 . This case includes the stress-free growth of a
planar sheet into a cylindrical portion. See Figure 11 for examples of evolutions
of planar sheets into flat surfaces with stress-free growth.
• If we assume that the evolving curvatures KX and KY are uniform, i.e., KA =
KA(t) for A = X, Y , we distinguish the following cases:
– If KX 6= KY , then the growth is stress-free if and only if ωX and ωY
are uniform and KXKY = 0 . This is precisely the case of a planar sheet
evolving to a cylindrical portion with a stress-free growth (see Figure 11-a).
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(a) (b) (c)
Figure 11: Visualization of a few stress-free material evolutions of an initially planar sheet
with the prescribed evolving fundamental forms such that the in-plane growth is uniform,
i.e., ωA = ωA(t) for A = X,Y , the Gaussian curvature is vanishing, i.e., KXKY = 0 ,
and the non-zero principal curvature is such that KX = KX(X, t) or KY = KY (Y, t) . We
assume for these figures that KY = 0 and (a) KX = KX(t) to grow to a cylindrical portion,
(b) KX(X, t) = k1(t) sin(k2(t)X) , where k1 = k1(t) and k2 = k2(t) are some arbitrary
functions of time resulting in a sheet with sinusoidal rippling, and (c) KX(X, t) = k(t)
√
X ,
for X > 0 , where k = k(t) is some arbitrary function of time.




























• If we assume that the in-plane growth is isotropic, i.e., ω = ωX = ωY , we
distinguish the following cases:







= −K2e2ω . In particular, if KX = KY = 0 , then the growth
is stress-free if and only if ω is harmonic. See Example 3.4.1 and Figure 12
for examples of such a stress-free growth.
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See Example 3.4.2 and Figure 13 for examples of such a stress-free growth
assuming that KX = −KY .
Example 3.4.1. In this example, we consider a morphoelastic initially planar square
sheet in the XY -plane such that center of the shell coincides with the origin of
the coordinate system and the sides of the shell are parallel to the X and Y axes.
We assume that both the in-plane and the out-of-plane growths are isotropic, i.e.,
ω = ωX = ωY , and K = KX = KY . Therefore, the growth is stress-free if and only






= −K2e2ω . (140)
Following [67], a solution of (140) is given by






K2(t) cosh2 [C(t) + A(t)X +B(t)Y ]
)
,
for some arbitrary functions of time A = A(t), B = B(t), C = C(t) , and K = K(t) .
Therefore, the first and the second fundamental forms read
G =
A2(t) +B2(t)




B = − A
2(t) +B2(t)




It is readily seen that every point of the surface is an umbilical point (the principal




t = 0 t = π
4
τ t = π
2
τ t = 3π
4
τ t = πτ
Figure 12: Example 3.4.1: Visualization of the stress-free material evolution of an initially
planar sheet with the prescribed evolving fundamental forms (142) and (143), shown, re-
spectively, in a) and b), at different times. Note that the change of shape of the shell is due
to growth and not stretch; such an evolution is stress-free.
constant non-negative curvature K2(t), and hence it is either a planar (K = 0) or a
spherical (K > 0) surface of radius 1/K(t) (see Figure 12).
The functions A = A(t), B = B(t), C = C(t) , and K = K(t) define the time
evolution of the first and the second fundamental forms. Given a constitutive equa-
tion for the material, their evolution can subsequently be obtained from the kinetic
equations (130) governing the evolution of growth. As an example, and for the pur-
pose of illustrating the non-trivial evolution of the initially planar shell as a result of
a stress-free growth, we consider the following cases:
• We assume that A(t) = t/τ , B(t) = t/τ , C(t) = 0 and K0(t) =
√
2t/τ , where τ
is some growth characteristic time. Hence, ω(X, Y, t) = − ln {cosh [(X + Y )t/τ ]},
and at t = 0 : ω(X, Y, 0) = 0 and K(0) = 0 . Therefore, we have the following
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evolving first and second fundamental forms:
G =
1
cosh2 [(X + Y )t/τ ]
 1 0
0 1
 , B = − √2t/τ





• We assume that A(t) = 2t/τ , B(t) = 0, C(t) = 0 and K0(t) = 2t/τ . It
follows that ω(X, Y, t) = − ln {cosh [2Xt/τ ]}, such that at t = 0 they satisfy
ω(X, Y, 0) = 0 and K(X, Y, 0) = 0 . Therefore, we have the following evolving











We visualize in Figure 12, the evolution of the initially planar sheet with the pre-
scribed fundamental forms (142) and (143).
Example 3.4.2. In this example, we consider a morphoelastic initially flat square
sheet in the XY -plane such that the center of the shell coincides with the origin of
the coordinate system and the sides of the shell are parallel to the X and Y axes. We
assume that the in-plane growth is isotropic, i.e., ω = ωX = ωY , and assume that


















It follows from (144b) and (144c) that K(X, Y, t) = Ko(t)e
−2ω(X,Y,t) for some arbitrary











t = 0 t = 0.5τ t = τ t = 1.5τ t = 2τ
Figure 13: Example 3.4.2: Visualization of the stress-free material evolution of an initially
planar sheet with the prescribed evolving fundamental forms (146) and (147), shown, re-
spectively, in a) and b), at different times. Note that the change of shape of the shell is due
to growth and not stretch; such an evolution is stress-free.
Following [67], a solution for (145) is given by






2 (C(t) + A(t)X +B(t)Y )
)
,
for some arbitrary functions of time A = A(t), B = B(t), C = C(t) , and Ko(t) . As
an example, and for the purpose of illustrating the non-trivial form the initially flat
shell could adopt as a result of a stress-free growth, we consider the following cases:




ω(X, Y, t) = ln {cosh [(X + Y )t/τ ]} , K(X, Y, t) =
√
2t/τ
cosh2 [(X + Y )t/τ ]
,
such that at t = 0 they satisfy ω(X, Y, 0) = 0 and K(X, Y, 0) = 0 . Therefore,
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we have the following evolving first and second fundamental forms:
G = cosh2 [(X + Y )t/τ ]
 1 0
0 1




• We assume that A(t) = 2t/τ , B(t) = 0, C(t) = 0 and K0(t) = 2t/τ . It follows
that
ω(X, Y, t) = ln {cosh [2Xt/τ ]} , K(X, Y, t) = 2t/τ
cosh2 [2Xt/τ ]
,
such that at t = 0 they satisfy ω(X, Y, 0) = 0 and K(X, Y, 0) = 0 . Therefore,
we have the following evolving first and second fundamental forms:
G = cosh2 [2Xt/τ ]
 1 0
0 1




We visualize in Figure 13, the evolution of the initially planar sheet with the pre-
scribed fundamental forms (146) and (147).
Remark 3.4.1. In the previous examples we obtained the first and the second fun-
damental forms for stress-free growth fields. Recall that a growth field leaves the
surface stress-free if and only if it is embeddable in R3 . Therefore, given a surface
(H,G,B) with a stress-free growth field, we can find an isometric embedding of it
in R3 by integrating for the R3-valued function f , the following system of partial
differential equations written in a local chart {X, Y } of H :
f,AB = Γ
C




, × and ‖.‖, respectively, denote the cross product and the
standard norm in R3 , ΓCAB is the Christoffel symbol of the Levi-Civita connection
∇H in the local chart {X1, X2} . The integrability conditions for (148) is the equality
of the mixed partial for f , i.e., f,XY = f,Y X , which is equivalent to the stress-free
growth compatibility conditions (or the embeddability conditions) (104). Figures 11,
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12, and 13 are obtained by plotting f in R3 following the numerical integration
of (148). We fix the rigid body motion of the surface by assuming f(0, 0) = 0 ,
f,X(0, 0) = (
√
G11(0, 0), 0, 0)
T , and f,Y (0, 0) = (0,
√
G22(0, 0), 0)
T , where T denotes
transpose of a vector in R3 .
3.4.2 A morphoelastic circular shell
In the absence of body forces, we consider an initially planar thin morphoelastic
circular disk B with vanishing boundary loads. We assume that the disk is undergoing
radially-symmetric but non-uniform growth through its thickness such that the radial
and circumferential curvatures are evolving while the intrinsic metric of the shell
remains unchanged. Let (R,Φ, Z) be the standard cylindrical coordinate system for
R3 such that initially the mid-surface H of the shell lies in the hyperplane Z = 0
and the origin of the coordinate system coincides with the center of the circular mid-
surface. Let Ro be the radius of the circular disk. For time t ≥ 0 , we represent the







such that ωA for A = R,Θ are symmetric with respect to Z , i.e., ωA(R,Z, t) =
−ωA(R,−Z, t) , which implies that ωA(R, 0, t) = 0 .13 Therefore, the first and the




 , B =
 −KR(R, t) 0
0 −R2KΘ(R, t)
 ,
where KA(R, t) =
∂ωA
∂Z
(R, 0, t) for A = R,Θ .
13We let for example ωA = ZKA(R, t) for A = R,Θ in (149).
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We endow the ambient Euclidean space R3 with the standard cylindrical coordi-
nate system (r, φ, z) . In order to study the growth of the shell and obtain the growth-
induced residual stresses, we embed the shell into the Euclidean ambient space and
look for solutions of the form (r, φ, z) = (r(R, t),Φ, z(R, t)) . We fix the rigid body
motion of the embedded surface by assuming r(0, t) = 0 , z(0, t) = 0 , and z′(0, t) = 0 .
Therefore, the deformation tensors read
C =
 r′2 + z′2 0
0 r2
 , Θ = 1(
r′2 + z′2
)1/2
 r′z′′ − r′′z′ 0
0 rz′
 ,
where r′ = ∂r
∂R
and r′′ = ∂
2r
∂R2
. We introduce the function χ = χ(R, t) defined such
that z′ = χr′. Hence, the deformation tensors in terms of r and χ read
C =
 r′2 (1 + χ2) 0
0 r2





We assume that the shell is made of a homogeneous and isotropic material. Be-
cause of the symmetry of the problem, the second Piola-Kirchhoff stress and material
couple stress components have the following forms
SRR = SRR(R, t) , SRΦ = 0 , SΦΦ = SΦΦ(R, t) ,
MRR = MRR(R, t) , MRΦ = 0 , MΦΦ = MΦΦ(R, t) .








, Γ̌RΦΦ = −
r

















































r′ (1 + χ2)3/2
− χ
r (1 + χ2)1/2
)
r
r′ (1 + χ2)















































































The boundary conditions (127) for zero surface load, zero moment load, and zero
shear load at R = Ro read





)′ − rr′MΦΦ = 0 . (152)
We assume a Saint Venant-Kirchhoff constitutive model, for which the strain














DB . Also, we have J = rR . Therefore, the convected stress and couple stress









































































2(1−ν2) . Therefore, we have the governing equations (151) and the bound-
ary conditions (152) in terms of r and χ . However, we still need the kinetic equations
for the evolution of growth in order to fully solve the problem. We consider the
Rayleigh potential R(Ḃ,G) = β1tr(Ḃ) + β2tr(Ḃ2). Therefore, we find the following












































Using the time differentiation with respect to t̂ = t/τ and the spatial differentiation





































where K̂A = KARo for A = R,Θ , r̂ =
r
Ro
, R̂ = R
Ro
, and ĥ = h
Ro
.
We numerically solve the governing equations (151) and the boundary conditions
(152) along with the kinetic equations (154) for a shell of thickness h = 0.1Ro made
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Figure 14: Evolution of (i) the spatial radius r = r(R, t) and (ii) the out-of-plane spatial
elevation profile z = z(R, t) of a radial fiber of the initially planar growing disk.
of an isotropic and homogeneous material with ν = 0.5 , and undergoing a growth
such that β1 = Ych
3/(12Ro) . In Figure 14 we show the evolution of a radial fiber
by plotting its radius r and elevation z as a function of R . We observe that the
radius r remains almost unchanged from R and is almost time-independent while
the out-of-plane elevation changes the fiber from its original configuration on the
plane z = 0 to adopt a curved configuration. In Figure 15, we show the evolution
of the spatial embedding of the disk from its initial planar configuration to a non-
trivial curved disk. In Figures 16 and 17, we show the evolution of the radial and
the circumferential curvatures. In Figures 18 and 19, we show the evolutions of the
residual stresses and couple-stresses in the growing disk.
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t = 0 t = 0.5τ t = τ t = 2τ t = 5τ
Figure 15: Visualization of the evolution of an initially planar growing disk. The out-of-
plane elevation is scaled to a factor of 5.








t = 0 t = 0.5τ t = τ t = 2τ t = 5τ
Figure 16: Evolution of the radial principal curvature on a radial fiber of the initially planar
growing disk.
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t = 0 t = 0.5τ t = τ t = 2τ t = 5τ
Figure 17: Evolution of the circumferential principal curvature on a radial fiber of the
initially planar growing disk.








t = 0 t = 0.5τ t = τ t = 2τ t = 5τ
Figure 18: Evolution of the radial stress on a radial fiber of the initially planar growing
disk.
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t = 0 t = 0.5τ t = τ t = 2τ t = 5τ





The complexity of the equations of nonlinear elasticity, in particular for anelastic-
ity, leaves little hope for exact solutions to be found. A few exact solutions can be
found by semi-inverse methods assuming some symmetry-restrictive classes of defor-
mations as it has been done in the previous sections of this work. As soon as this
symmetry is broken, the governing equations start to be utterly complicated leav-
ing no choice but for equally complicated numerical computations. As a sequel to
the developments carried out in the previous sections toward a geometric theory of
anelasticity, we consider in this section small perturbations superposed on a finite
distribution of the source of anelasticity. In this framework, such perturbations are
achieved by perturbing the referential geometry, i.e., perturbing the material metric
in the context of three-dimensional elasticity, and perturbing the fundamental forms
in the context of shell elasticity. The resulting governing equations are linear. Even
in the case when one fails to find exact solutions, these are much easier to deal with
numerically. If the perturbation lacks the symmetry of the original distribution, one
hence generates new solutions for anelastic problems in the form of small elastic de-
formation superposed on the finite deformation. One could start from a field for the
source of anelasticity/residual stresses with an existing equilibrium solution, perturb
it and solve for the induced small elastic deformations due to the resulting material
metric perturbation. Besides generating new solutions, this approach can also be used
to examine the stability of the existing class of deformations used in the context of
semi-inverse methods. In the following, we present the framework and the governing
equations for the small elastic deformations due to a material metric perturbation in
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the context of three-dimensional elasticity. We supplement the theoretical develop-
ments with an application to screw dislocations and find indeed an exact solution for
a non-symmetric distribution of such defects. Note that the results of this section
have been previously reported in our published work [71].
4.1 An overview of nonlinear elasticity
We briefly review in the following some elements of the geometric formulation of
anelasticity. Let (B,G) the stress-free material manifold. Let (S, g) be the Euclidean
ambient space. We adopt the standard convention to denote objects and indices by
uppercase characters in the material manifold B (e.g., X ∈ B) and by lowercase
characters in the spatial manifold S (e.g., x ∈ S). Let ∇G , and ∇g be the Levi-
Civita connections of (B,G) , and (S, g) , repectively. We denote their respective
Christoffel symbols by ΓABC , and γ
a
bc , in the local coordinate charts {XA} and
{xa} , respectively.
Recall that the deformation gradient F is defined as F (X, t) := Tϕt(X) , the




detF , and the right Cauchy-Green deformation tensor is
C = F TF . We also define the left Cauchy-Green deformation tensor (also called





ABgcb . Note that
b−[ agrees with the push-forward of the material metric G by ϕ , i.e., b−[ = ϕ∗G ,
where (.)−[ denotes the inverse operator followed by the flat operator. We define the
convective manifold as the Riemannian manifold (B,C[) . Let ∇C be the Levi-Civita
connection of (B,C[) . We denote its corresponding Christoffel symbols in the local
coordinate chart {XA} by Γ̃ABC .
We denote the material and spatial mass densities by ρo and ρ , respectively. The
conservation of mass in local form reads ρJ = ρo , which is equivalent to
dρ
dt
+ ρ divgv = 0 ,
where divg denotes the spatial divergence operator.
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We assume that the body is made of a hyperelastic material, so that the constitu-
tive model is given by an energy function W = W̃(X,F , g,G)1 per unit undeformed











. We can alternatively considerW = Ŵ(X,C[,G)











. If the material is incompressible, we have




− p g] , Σ = 2 ∂Ŵ
∂C[
− pC−] , (159)
where p is the Lagrange multiplier associated with the incompressibility constraint,
and (.)−] denotes the inverse operator followed by the sharp operator for raising
tensor indices. If the material is isotropic, the strain-energy function is expressed as
a function of the principal invariants I1 = trC , I2 =
1
2
(tr(C)2− tr(C2)) , and J , i.e.,




















W̄I2C] + W̄JC−] , (160b)
where W̄I1 = ∂W̄∂I1 , W̄I2 =
∂W̄
∂I2











G] − 2W̄I2C] − pC−] . (161b)
1The dependence of the energy function W̃ on the metrics follows from the fact that W̃ is a scalar
that depends on the deformation gradient F . This requires the metrics to obtain a scalar out of it,





In spatial form, the balance of linear and angular momenta read
divgσ + ρf = ρa , σ
T = σ , (162)
where f denotes the body force per unit mass. The balance of linear and angular
momenta in terms of the convected stress tensor read [76] (Note that, since ∇C =
ϕ∗t∇G , the convective balance of momenta (163) can alternatively be obtained directly






T = S , (163)
where DivC denotes the divergence operator with respect to C
[ , and F := f ◦ ϕt .
4.2 Small-on-Large Deformations Due to a Material Met-
ric Perturbation
In this section, we formulate a theory of small superposed deformations due to a
perturbation of the material metric. Given a motion ϕt with respect to a reference
configuration (B,G) , we consider a 1-parameter family of metrics Gε such that G0 =
G . We want to understand how the state of stress in the body is affected by such a
perturbation. Note that a perturbation of the material metric is due to a perturbation








For a small enough ε , one can write Gε = G+εδG+o (ε) . Note that even though the
deformation is seemingly independent of the material metric, changing the material
metric may affect the equilibrium configuration of the body at any given time t .
Hence a perturbation of the material metric may lead to a perturbation ϕt,ε of the
motion, such that ϕt,0 = ϕt is the equilibrium configuration corresponding to the






that is, δϕt = δϕ
a





|ε=0 . Note that δϕ◦ϕ−1 is the displacement
field in the classical theory of linear elasticity and we denote it by U = δϕ ◦ ϕ−1.
Since S = R3 , using the linear structure of R3 , one can write for a small enough
ε : ϕε = ϕ + εδϕ + o (ε) . Given the configuration ϕ resulting in the stress field σ,
the perturbed configuration ϕε due to the material metric perturbation Gε induces a
stress field, which for a small enough ε reads σε = σ + εδσ + o (ε) . In the following,
we formulate the governing equations to solve for δϕ and find δσ is terms of δG and
δϕ .
As ε varies, for fixed X and t , the right Cauchy-Green tensor C[ε remains in the





-rank tensors at X . Thus, it makes sense to























































where “:” denotes the double contraction tensor product. Using ρJ = ρo and the
above equation (164), the variation of the spatial mass density reads
δρ = −
(





Note that when ε varies, the terms in the balance of linear momentum (163) are vectors





















2Recall that if detA 6= 0 , one has d detAdA = (detA)A−T . Here, detG 6= 0 and detC[ 6= 0 .
3However, note that when ε varies, the terms in the balance of linear momentum (162) are vectors
that lie in the vector space Tϕt,ε(X)S , in which the base point ϕt,ε(X) depends on ε .
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For different values of ε and fixed X and t , Σε lie in the same space T 2 (TXB) . Hence,




, which is computed in (167a) following (158). On the
other hand, the variation of the Cauchy stress can be defined as the push-forward of








































































































where dB denotes the exterior derivative operator on B , i.e., for a function f : B → R ,
one has dBf =
∂f
∂XA
dXA . Denoting by a double stroke (.)|| the convective covariant
4Recall that the Christoffel symbols for the convective Levi-Civita connection, i.e., the Levi-Civita




, read Γ̃ABK =
1
2C
−AL (CBL,K + CKL,B + CBK,L) .
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derivative, i.e., the covariant derivative in the convective manifold (B,C) , one can
write (ϕ∗tε)BL,K + (ϕ
∗
tε)KL,B − (ϕ∗tε)BK,L = (ϕ∗tε)BL||K + (ϕ∗tε)KL||B − (ϕ∗tε)BK||L +
2 (ϕ∗tε)LM Γ̃
M









C−BL (ϕ∗tε)BL||K + C





















































































Assuming that the ambient space is flat, it follows that Ua|bc = Ua|cb . Hence, it is
straightforward to show that (ϕ∗tε)BL||K+(ϕ
∗
tε)KL||B−(ϕ∗tε)BK||L = F bBF kKF lLUl|bk .









































where Dgε denotes the covariant derivative along ε→ ϕε,t(X) , for X and t fixed, and
where we used DgεD
g




εV +∇g[U ,V ]V , since we assume a flat ambient space.
We also use the symmetry lemma [56] to write DgεV = D
g
tU . For the body force






= ϕ∗tLUB = ϕ
∗
t [∇gUB −∇gBU ] . Finally,
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using the above results and pushing forward (170) by ϕt , one obtains the following
balance of linear momentum for the perturbed motion

















where ∇g∇gU :σ = σab∇g∂a∇
g
∂b
U = σabU c|ba∂c . If the material is incompressible, the
variation of the convected and the Cauchy stress tensors are written as
δΣ = ϕ∗t (C :ε+ D :δ)− δpC−] + 2pϕ∗tε] , (172a)
δσ = C :ε+ D :δG− δp g] + 2pε], (172b)




pε is the resulting pressure variation, which can also be interpreted
as the Lagrange multiplier associated with the constraint δJ = 0 . Therefore, for an


















Remark 4.2.1. Note that for an isotropic solid, one can show that the components
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For an incompressible isotropic solid, the components of the elasticity tensors can be
obtained from (174) by setting J = 1 and removing the terms containing W̄J .
4.3 Examples of Material Metric Perturbations in an In-
finitely Long Cylindrical Bar with an Axi-Symmetric
Distribution of Parallel Screw Dislocations
In this section, we solve examples of perturbed dislocation distributions. Starting
from a dislocation distribution with an existing equilibrium solution, we perturb it
and solve for the induced small elastic deformations due to the resulting material met-
ric perturbation. We consider the example of a cylindrically-symmetric distribution
of parallel screw dislocations in a cylinder made of an incompressible, isotropic, and
radially inhomogeneous nonlinear elastic solid, i.e., a solid with an energy function
that can be written asW = W̄(R, I1, I2) . Using the geometric theory of nonlinear dis-
location mechanics introduced in [90], we first construct the stress-free Weitzenböck
material manifold for an arbitrary cylindrically-symmetric parallel screw-dislocations
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distribution. Next, considering a perturbation of the axi-symmetric dislocation dis-
tribution following §4.2, we solve for the induced small elastic deformations and the
corresponding stress field.
4.3.1 Material metric perturbation
In a cylindrical coordinate system (R,Θ, Z), we consider a distribution of cylindrically-
symmetric screw dislocations parallel to the Z-axis by assuming a Z-oriented radially-
symmetric Burgers’ vector density b = b(R) . Let us consider a perturbation of this
Burgers’ vector distribution, i.e., we take a one-parameter family of Burgers’ vectors







The given distribution of Burgers’ vectors is equivalent to having the following torsion
2-forms
T 1 = T 2 = 0 , T 3ε =
bε(R,Θ, Z)
2π
ϑ1 ∧ ϑ2 .
Following the method of Cartan’s moving frames [80], we look for an orthonormal
coframe field of the form ϑ1 = dR, ϑ2 = RdΘ, ϑ3 = dZ + fε(R,Θ, Z)dΘ, for some
function fε = fε(R,Θ, Z) to be determined. Denoting by ω
α
β the connection 1-forms,
Cartan’s first structural equations, T α = dϑα + ωαβ ∧ ϑβ , for α = 1, 2, 3 , give one






























































Cartan’s second structural equations, Rαβ = dωαβ + ωαγ ∧γ β , for α, β = 1, 2, 3 ,
along with the flatness of the material manifold yield, 5 fε,R = R
bε
2π
, fε,Z = 0.
5For dislocations, the material manifold is by construction a Weitzenböck manifold, i.e., it is flat
and has a compatible connection with a possibly non-zero torsion [63].
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Therefore, bε,Z = 0, and hence bε = bε(R,Θ) , i.e., a Z-dependent Burgers’ vec-






ξbε(ξ,Θ)dξ , and the perturbed material metric in the coordinate




0 R2 + f 2ε (R,Θ) fε(R,Θ)
0 fε(R,Θ) 1
 .
























ξb(ξ)dξ and G0 = G(R) is the




0 R2 + f 2(R) f(R)
0 f(R) 1
 .
Note that tr (δG) = δG :G] = 0 .
4.3.2 Stress perturbation
Let us first find the residual stress field for the finite axi-symmetric distribution
assuming an incompressible isotropic solid. Based on the symmetry of the problem, we
look for an embedding of the material manifold in the Euclidean ambient space such
that, in cylindrical coordinates (r, θ, z) , we have ϕ (R,Θ, Z) = (r(R),Θ, Z) . Then,
the deformation gradient reads F = diag (r′(R), 1, 1) and the Jacobian is written as
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J = rr′/R. Using the incompressibility condition, i.e., J = 1 , and assuming that
r(0) = 0 to fix the rigid body translation of the body, we find that r(R) = R . Hence,
the standard Euclidean metric for S = R3 in cylindrical coordinates (r, θ, z) reads


















Following (161a) and denoting α(R) = 2W̄I1(R, I1(R), I2(R)) and β(R) = 2W̄I2(R, I1(R), I2(R)) ,
the non-zero Cauchy stress components read






β(R) , σθθ =
1
R2
[−p(R,Θ, Z) + α(R) + 2β(R)] ,












β(R) , σθz = −f(R)
R2
[α(R) + β(R)] .
Note that I1(R) = I2(R) = 3 + f
2(R)/R2. The θ and z-equilibrium equations imply
that p = p(R) , and the radial equilibrium equation is simplified to read σrr,R +
1
R
σrr − Rσθθ = 0. Assuming a traction-free boundary condition on the boundary of
the cylinder at R = Ro , we solve the above equation for p = p(R) and it follows that



























α(R) , σθz = −f(R)
R2
[α(R) + β(R)] .
(175)
Next we formulate the governing equations for superposed small elastic defor-
mation and compute the incremental deformation and residual stresses due to the
perturbation δb . In cylindrical coordinates (r, θ, z), we look for solutions of the form
δϕ(R,Θ) = U(R,Θ) = (δr(R,Θ), δθ(R,Θ), δz(R,Θ)). Hence, ∇gU reads
Ua|b =



















































Note that δG :G] = 0, and hence, the incompressibility condition δJ = 0 using (164)
is simplified to read
1
R
(Rδr),R + δθ,Θ = 0 . (176)
In the absence of body forces, the equilibrium equation (173) simplifies to read
divgδσ +∇g∇gU :σ = 0 , (177)
where we recall that δσ =
(
C :ε+ D :δG− δp g] + 2p ε]
)
, δp = δp(R,Θ) is the La-
grange multiplier associated with the incompressibility condition δJ = 0 (176), and
p = p(R) is the Lagrange multiplier associated with the incompressibility condition





























































For the sake of simplifying the calculations, let us assume that the body is made of
a generalized neo-Hookean solid, i.e., the energy function has the form W = W̄(I1) .
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Thus, recalling that ∇g∇gU : σ = Ua|bcσbc∂a , one finds from (178) and (179) that
∇g∇gU :σ = 0 . Also, following (174), the elasticity tensors simplify to
C :ε = 4W̄I1I1(b] :ε)b] , D :δG = −2W̄I1I1(C] :δG)b] − 2W̄I1ϕt∗δG] . (180)
However, using the incompressibility condition (176), we have b] : ε = 1
R
(Rδr),R +









0 −4fW̄I1I1δz,Θ 4f 2W̄I1I1δz,Θ
0 4f 2W̄I1I1δz,Θ −4f (R2 + f 2) W̄I1I1δz,Θ
 .
On the other hand C] :δG = −2 f
R2








































Therefore, the equilibrium equations (177) simplify to read































[(W̄I1 + W̄I1I1)δf − W̄I1I1δz,Θ] +
4f 3W̄I1I1
R4
(δf − δz,Θ)− δp .
(182)
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Writing (181) in components along with the incompressibility condition (176) gives







































































δr +Rδr,R +Rδθ,Θ = 0 . (183d)
The boundary conditions corresponding to zero incremental boundary traction read
δσrr (Ro,Θ) = 0 , δσ
rθ (Ro,Θ) = 0 , and δσ





















= 0 , (184b)
δz,R (Ro,Θ) = 0 . (184c)
In order to fix the rigid body motion of the cylinder, we assume that
δr(0,Θ) = 0 , δθ(0,Θ) = 0 , δz(0,Θ) = 0 . (185)
Note that the continuity of the traction across any radial plane of constant Θ gives
δσθz (R,Θ) = δσθz (R,Θ + 2π) , δσθθ (R,Θ) = δσθθ (R,Θ + 2π) , and δσθr (R,Θ) =
δσθr (R,Θ + 2π) . Also, in order to preserve the structural integrity of the cylin-
der, one must have δr (R,Θ) = δr (R,Θ + 2π) , δθ (R,Θ) = δθ (R,Θ + 2π) , and
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δz (R,Θ) = δz (R,Θ + 2π). Thus, it follows that δr , δθ , δz , and δp are 2π-periodic
functions with respect to Θ .
Note that δz = δz(R,Θ) can be obtained from (183c). Given the solution δz =
δz(R,Θ) for (183c), we observe that the following functions are the unique solution
for the system of linear ordinary differential equations (183) satisfying the boundary
conditions (184) and (185):
δr = 0 , δθ = 0 , δp =
4fW̄I1I1
R2
(δf − δz,Θ) . (186)



























Let us first solve (183c) for δz = δz(R,Θ) to complete the solution (186). Recalling
that δz is 2π-periodic with respect to Θ and assuming that δf is periodic as well, we
























δf(R, ζ)e−ikζdζ . (189)
Substituting the Fourier series (188) into the partial differential equation (183c) for










































ξδbk(ξ)dξ , where δbk is the k
th Fourier coefficient of δb . The boundary condi-
tions for δz from (184) and (185) transform in terms of its Fourier coefficients to the
following relations
δzk(0) = 0 , δzk
′(Ro) = 0, k ∈ Z. (191)
Therefore, we have transformed the real partial differential equation (183c) into a set
of complex ordinary differential equations (190).
4.3.3 Energy of a perturbed dislocation distribution
We next calculate the change in energy due to a small perturbation of the defect
distribution to the first order in the defect perturbation. For a given distribution
of screw dislocations, the energy per unit length in a cylinder made of a generalized







Therefore, the variation of the energy following an arbitrary perturbation δb =
















Note that δI1 = 2ε :b





























δf(R,Θ)dΘ is the angular mean value of δf . On the other




























Hence, the energy variation depends only on δb0(R) —the angular mean value of the
perturbation δb(R,Θ).
4.3.4 Perturbed dislocations in incompressible neo-Hookean solids
Let us consider an incompressible homogeneous neo-Hookean solid, i.e., W̄ (I1) =
µ
2
(I1 − 3) , where µ is the shear modulus for infinitesimal strains, and an arbitrary
perturbation δb = δb(R,Θ).
Remark 4.3.2. Note that even though the energy per unit length along a single screw
dislocation line in a neo-Hookean solid is unbounded as shown in [98] (see also [87]),
energy is not necessarily unbounded for distributed screw dislocations. In particular,
for a radially-symmetric distribution of screw dislocations, the energy per unit length
















bi 0 < R ≤ Ri ,
0 Ri < R ≤ Ro ,
(195)
where Ri ≤ Ro is the radius of a cylinder made of a solid with a uniform Burgers’





















































In the following computation, we consider an arbitrary radially-symmetric Burg-
ers’ vector distribution b = b(R) and an arbitrary perturbation δb = δb(R,Θ) . For




′ − k2δzk = ikδfk . (197)

































for some complex constants ck and dk . By using the boundary condition (191)
δzk
′(Ro) = 0 , it follows that dk = 0 . We observe that ck = δzk(Ro) , and from
(189), one observes that δz−k = δz
∗
k .
7 Thus, c−k = c
∗
k . Also, note that δf−k = δf
∗
k .
Therefore, following (198) and by using (188), it follows that






































where <(z) and =(z) denote the real and imaginary parts of a complex number z ,
















δf(R,Θ) sin (kΘ) dΘ .
7We denote by x∗ the complex conjugate of a complex number x .
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Remark 4.3.3. Note that for a neo-Hookean solid, the incremental deformation
is independent of the finite radially-symmetric dislocation distribution b = b(R) .
Indeed, the governing equation (197) holds for any b = b(R) . However, as can be
seen in (187), the incremental stress field, and in particular δσzz , depends on the
initial dislocation distribution.
Let us now simplify the solution (199) for a particular Burgers’ vector perturbation
given by







[b1 cos Θ + b2 sin Θ] , (200)
for some R-dependent function δb0 = δb0(R) , and constants b1 and b2 . Note that the

































for k = −1, 1 .
(201)




However, since we are looking for a solution that is bounded, it follows that for
k 6= −1, 0, 1 , one has ck = 0 . Thus, one finds following (199) that
δz(R,Θ) = c0 −








Further, to ensure that (202) is bounded, one must have b1R
2
o + 240π=(c1) = 0, and
b2R
2





























Figure 20: Visualization of the solution (203) for a cylinder of radius Ro with b1Ro = 15
and b2Ro = 10 . Left: 3D visualization of the deformation of a cross section of the cylinder.
Right: Profile of deformation of different radial lines.
Next, by enforcing the boundary condition (191) δz(0,Θ) = 0 to fix the rigid body
motion, one finds c0 = 0 . Therefore, it follows that
δz(R,Θ) =




R4 − 4R3Ro + 5R2R2o − 4R4o
)
. (203)
In Fig. 20, we plot the solution (203) for a cylinder of radius Ro subject to a pertur-
bation (200) such that b1Ro = 15 and b2Ro = 10 . Note that the numerical values
shown in Fig. 20 should be multiplied by a small ε to give the incremental deforma-
tion. Given that z = Z for the finite dislocation distribution, the total deformation
reads: zε = Z+ εδz+ o(ε) . Recall, as noted earlier, that the state of deformation of a
cylinder made of a neo-Hookean solid is independent of b = b(R); it only depends on
the perturbation —compare this to Example ?? where the deformation of a cylinder
made of a power law material actually depends on the finite dislocation distribution
b = b(R) .
Using (175) and (187), one finds the following total stress in the perturbed config-
uration (recall that the total stress in the perturbed configuration for a small enough
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εµδz,R −µf(R)R2 − ε
µ
R2





























5R4 − 16R3Ro + 15R2R2o − 4R4o
) b1 sin Θ− b2 cos Θ
240πR3o
,







23R4 − 56R3Ro + 35R2R2o + 4R4o
) b1 cos Θ + b2 sin Θ
240πR3o
.
Let us now compute the variation of the energy due to a dislocation distribution

























Let us assume that the total Burgers’ vector of the perturbation is zero so that the
perturbation does not change the total Burgers’ vector of the original finite dislocation





Rδb(R,Θ)dΘdR = 0 . In terms of the angular mean
value of the perturbation this is written as
∫ Ro
0
Rδb0(R)dR = 0 . We consider in





















Note that for any Ri such that 0 < Ri < Ro , the energy variation δW has the same
sign as bibo . For Ri = 0 , δW = 0 and δW/(bibo) is monotonically increasing as a
function of Ri. In particular, for Ri > 0, δW 6= 0, and hence the initial dislocation
distribution is not in equilibrium.
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CHAPTER V
MOTION OF AN ELASTIC BODY IN A DEFORMING
AMBIENT SPACE
In this section we formulate a nonlinear elasticity theory in which the ambient space
is deforming. For a continuum moving in an evolving ambient space, we model time
dependency of the metric by a time-dependent embedding of the ambient space in a
larger manifold with a fixed background metric. We derive both the tangential and
the normal governing equations. We then reduce the standard energy balance written
in the larger ambient space to that in the evolving ambient space. We consider quasi-
static deformations of the ambient space and find closed-form solution for the case
of a spherical cap sitting on a sphere with quasi-statically evolving radius. Note that
the results of this section have been previously reported in our published work [97].
5.1 Lagrangian Field Theory of Elasticity in an Evolving
Ambient Space
We identify the reference configuration of an elastic body with a Riemannian man-
ifold (B,G) and let the body deform in a time-dependent ambient space St , which
is evolving in a Euclidean space (Q,h) of higher dimension. The evolution of the
ambient space St is given by a time-dependent embedding ψt : S → Q , for some
abstract manifold S , such that ψt (S) = St , and the evolving metric of the ambient
space S is given as the induced metric by that of Q , i.e., gt := ψ∗th , which means
that ψt is an isometric embedding.
1 See Fig. 21. We denote inner products of vectors
with respect to the metrics h and gt by 〈〈·, ·〉〉h and 〈〈·, ·〉〉gt , respectively. We denote
1Note that for a given t, such an isometric embedding always exists for dimQ large enough, by
Nash’s embedding theorem [54].
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the local coordinates on B , S , and Q by {XA} , {xa} , and {χα} , respectively. Let
dimSt = n , and dimQ = n+ k = m . Let {ηti}i=1,...,k be a smooth orthonormal basis
for X⊥(St) , the set of vector fields normal to St . Let {χα} be a local coordinate
chart for Q such that at any point of St , {χ1, ..., χn} is a local coordinate chart for
St and such that the unit normal vector field ηti , for i ∈ {1, ..., k} is tangent to the
coordinate curve χn+i , for i ∈ {1, ..., k} . Recall, as discussed in Appendix A.3, that






i , where u‖
is the part of the vector u tangential to St , and ui⊥ = un+i for i ∈ {1, ..., k} . Also,











= 0 , and hα(n+i) = δα(n+i) . For i ∈ {1, ..., k} , we denote the ith second
fundamental form of St along the unit normal ηti by κti and let kti = ψ∗tκti . For
i, j ∈ {1, ..., k} , we denote the normal fundamental 1-form of St relative to the unit
normals ηti and η
t
j in this order by ω
t












as a one-parameter family of maps ϕ̃t : B → St , where t is
time. This is equivalent to a motion of (B,G) in (S, gt) : ϕt : B → S , such that
ϕt = ψ
−1
t ◦ ϕ̃t . We let ϕ̃(X, t) := ϕ̃t(X) , ϕ(X, t) := ϕt(X) , and ψ(x, t) := ψt(x) . Let
{∂̃tα}α=1,...,n and {∂ta}a=1,...,n denote local coordinate bases for St and S , respectively.
In order to describe the dynamics of the motion of B , the Lagrangian field theory
should be formulated with respect to the fixed space Q . For an elastic material, the
Lagrangian density L can be written as3
L = L(X, ϕ̃, ˙̃ϕ, F̃ ,G,h) ,
where F̃ = T ϕ̃t = ψt∗F and F = Tϕt are the deformation gradients of ϕ̃t and ϕt ,
2Recall that the order matters since ωtij = −ωtji . See Appendix A.3 for more details and the
definitions of both the second and the normal fundamental forms.
3Note that although the Lagrangian theory is formulated with respect to Q , the density is defined









ϕ̃t (B) ⊂ St
ϕt (B) ⊂ S
ϕt
Figure 21: Motion of an elastic body in an evolving ambient space.
respectively. We assume that the Lagrangian density can be written as
L = 1
2
ρ0〈〈Υ,Υ〉〉h − ρ0W (X, F̃ ,G,h), (205)
where ρ0 is the material mass density, Υ := ˙̃ϕ = ψt∗V +ζ ◦ϕt is the material velocity
vector field of ϕ̃ , V is the material velocity vector field of ϕ , ζ = ∂ψ/∂t is the
velocity of a given, fixed point x ∈ S as it moves in Q , and W = W (X, F̃ ,G,h) is
the elastic energy density (energy function).
Remark 5.1.1. Note that since gt := ψ
∗
th , i.e., ψt is an isometry between (S, gt) and
(St,h), by objectivity (the isometry ψt can be interpreted as a change of observer),
the dependence of the elastic energy on F̃ = ψt∗F reduces to a dependence on F
only. It should also depend on G and gt (instead of h ) so that one can get a scalar
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out of F . Hence, we have4
W (X, F̃ ,G,h) = W (X,F ,G, gt) . (206)
For a continuum under a body force field β (not necessarily conservative), the












[ · δϕ̃dV dt = 0 , (207)
where [ denotes the flat operator for lowering tensor indices, β denotes body force per
unit mass, and dV denotes the volume element for B . Note that β is not necessarily






i , where β‖ is the part of β
tangent to St , and Bi⊥ , for i ∈ {1, ..., k} , is its component along the ith normal ηti .






L(X, ϕ̃, ˙̃ϕ, F̃ ,G,h)dV (X)dt , (208)
where dV (X) is the Riemannian volume element on B . For the assumed Lagrangian














ρ0W (X,F ,G, gt)dV (X)dt .
In order to take variations of the action (208), we consider a variation field ϕ̃ε of


















4Another way to see this is by looking at the elastic energy as a function of the right Cauchy-Green
tensor, i.e., W = W̃ (X, C̃,G) . First, we see that since gt := ψ
∗
th , then (ψt ◦ ϕt)∗ h = ϕ∗tψ∗th =
ϕ∗tgt , i.e., the right Cauchy-Green tensors C of ϕt and C̃ of ϕ̃t are equal. If we denote f := Tψt ,




















Bgab = CAB .
Therefore, W = W̃ (X, C̃,G) = W̃ (X,C,G) , that is, the elastic energy does not depend on the
embedding ψt .
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where Dhε denotes the covariant derivative along the curve ε 7→ ϕ̃ε (X, t) for fixed X
and t . Using the symmetry lemma, we have Dhε ζε = D
h
t δϕ̃ , where D
h
t denotes the



















Assuming that the variation of ϕ̃ is fixed at t0 and t1 , i.e., δϕ̃(t0) = δϕ̃(t1) = 0 , the
first term on the right-hand side does not contribute to the action. We decompose
the velocity Υ into tangent and normal components as Υ = Υ‖ + Υ⊥ , where Υ‖ =






i , such that ζ is written in terms of its tangent






i . We denote the acceleration in Q by
Γ = Dht Υ and decompose it into tangent and normal components with respect to St






i . We denote by A = ψ
∗
tΓ‖ the intrinsic acceleration of S .



































where δϕ̃‖ is the part of δϕ̃ tangent to St and δϕ̃i⊥ is its component along ηti , for i ∈

















dV (X)dt . (209)
Next we compute the components of the acceleration.
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Proposition 5.1.1. The tangent and normal accelerations are given by








































































Dgtt denotes the covariant derivative along the curve t 7→ ϕ (X, t) for fixed X , Z :=(
ψ∗t ζ‖
)
◦ϕt is the tangent part of the velocity ζ , and T denotes the transpose operator
with respect to the metric gt .
Remark 5.1.2. Before we proceed to the proof, let us first look at some particular
cases. If we assume that the evolution of the ambient space is transversal, i.e., Z = 0 ,
then (215) reduces to





























































where i = 1, ..., k . If we assume that St is a hyperspace in Q , i.e., the co-dimension






















= 0 , since 〈〈ηt,ηt〉〉h = 1 .
Therefore, (215) reduces to
A = Dgtt (V +Z) +∇gtV +ZZ + 2ζ⊥g]t · kt · (V +Z)− ζ⊥ (dζ⊥)]




· (V +Z) + g]t ·
∂gt
∂t





+ dζ⊥ · (V +Z)− kt (V +Z,V +Z) . (212b)
Finally, if we assume that St is a hyperspace evolving transversally in Q , i.e., k = 1
and Z = 0 , then, (212) reduce to
A = Dgtt V + 2ζ⊥g
]
t · kt · V − ζ⊥ (dζ⊥)]










+ dζ⊥ · V − kt (V ,V ) . (213b)
Proof:5 First, we observe that contrary to motions for which k = 0 , as in the case
of 3D elasticity, ∇hΥΥ cannot be defined unambiguously, in general, for motions
in an evolving ambient space when k ≥ 1 similarly to the discussion in §3.2 on the
computation of the shell acceleration. If T(X,t)ϕ̃ is injective, then the implicit function
theorem tells us that ϕ̃ is a local diffeomorphism at (X, t) . In particular, one obtains
a local vector field V on Q in a neighborhood of ϕ̃(X, t) such that V(ϕ̃(X, t)) =
Υ(X, t) = υ(ϕ̃(X, t), t) and we can define the material acceleration as
Γ(X, t) = Dhϕ̃XΥX := ∇hVV(ϕ̃(X, t)) .
Recall that we chose {χα}α=1,...,n+k to be a local coordinate chart for Q such that at
any point of St , {χ1, ..., χn} is a local coordinate chart for St , and such that the unit
normal vector field ηti for i ∈ {1, ..., k} is tangent to the coordinate curve χn+i . In this







= δα(n+i) , which will be used
frequently in the following computations. Note that when T(X,t)ϕ̃ is injective, the set
5We also benefited from a discussion with Fabio Sozio.
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of chosen unit normal vector fields {ηti}i=1,...,k is well defined on a neighborhood of
ϕ̃(X, t) in Q . Hence, one can decompose V into tangent and normal components
with respect to {ηti}i=1,...,k as V = V‖ + V⊥ . One then writes
Γ(X, t) = ∇hV(V‖ + V⊥) = ∇hVV‖ +∇hVV⊥ .












Note that since V = V(ϕ̃(X, t)) does not explicitly depend on time, one can write[
V ,V‖
]






















































where d̃ denotes the exterior derivative operator on St , 7 and where we have used,











Let us now compute ∇hVV⊥ . We consider an arbitrary vector field U in Q such
that U is tangent to St in a neighborhood of ϕ̃(X, t) , i.e., 〈〈V⊥,U〉〉h = 0 . Hence,






ϕ̃t ◦ ϕ̃−1s is the flow of V .





















. However, at ϕ̃(X, t) , we have
∇hVU = [V ,U ] +∇hUV = [V ,U ] +∇hUV‖ +∇hUV⊥


















































































































































































9Note that since the vector U is tangent to St at ϕ̃(X, t) , the vector [V ,U ] = LVU is tangent
to St as well.
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Finally, the tangent and normal components of the acceleration vector read






























































ij . However, following [50, Theorem (6.19), p. 101], and recalling that
V = Υ = ψt∗V + ζ , one can write
ψ∗tLVV‖ = LV ψ∗tΥ‖ = LV (V +Z) =
∂
∂t
(V a + Za) ∂a + [V ,V +Z] .
Note that since the connection is torsion-free, it follows that
[V ,V +Z] = ∇gtV (V +Z)−∇gtV +ZV .
Denoting by Dgtt the covariant derivative along the curve t→ ϕt(X) , one can write
Dgtt (V +Z) =
∂
∂t
(V a + Za) ∂a +∇gtV (V +Z) .
Therefore, one concludes that
ψ∗tLVV‖ = D
gt








tΥ‖ = ∇gtVZ−∇gtZV +∇gtV +Z (V +Z) = Dgtt (V +Z)+∇gtV +ZZ.
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Therefore, denoting by d the exterior derivative on S , 10 one can rewrite (214) as

























































































Thus, Lδϕ̃F̃ = 0 . We also obtain, by using (266) and similarily to (267), that










where δϕ̃‖ is the part of δϕ̃ tangent to ψt(S) , δϕ̃i⊥ , for i ∈ {1, ..., k}, is its component
along the unit normal ηti , and L denotes the autonomous Lie derivative. Therefore,





























10For a function f defined on S , we write df = ∑na=1 ∂f∂xa dxa.
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Let us first assume that the variations of ϕ̃ are tangent to St , i.e., δϕ̃i⊥ = 0 ,∀i ∈















. Hence, by symmetry of
























































































where ρ is the mass density in S , divgt (surface divergence) denotes the divergence
operator in (S, gt) , and n is the unit normal vector to ∂ϕt (B) in S . Therefore,










































dvdt = 0 ,
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+ ρB = ρA . (220)
In terms of the Cauchy stress tensor σ = 2ρ∂W
∂g
, we have
divgt σ + ρB = ρA . (221)
In the particular case when St is a hyperspace evolving transversally in Q , i.e., k = 1
and Z = 0 , the tangent Euler-Lagrange equations read
divgt σ + ρB = ρD
gt
t V + 2ρζ⊥g
]
t · kt · V − ρζ⊥ (dζ⊥)] . (222)
Equivalently, in terms of the rate of change of the spatial metric one has
divgt σ + ρB = ρD
gt





· V − ρζ⊥ (dζ⊥)] . (223)
Now, we assume that the variations of ϕ̃ are normal to St , i.e., δϕ̃‖ = 0 . Using









⊥ , i = 1, ..., k . (224)
In terms of the Cauchy stress, one has
−σ :kti + ρBi⊥ = ρΓi⊥ , i = 1, ..., k . (225)
Remark 5.1.3. Eq.(222) is identical to the tangential component of [75]’s Eq. (27),
However, we believe that the expression of the acceleration he wrote before his Eq. (16)
should be corrected to include the extra terms depending on the second fundamental
form and the gradient of the embedding normal velocity as can be seen in (222). If
one neglects the inertial terms, Eq.(222) is identical to [4]’s Eq. (4). However, it is
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+∇gtV V + VnHV ,
where H = gabkab is twice the mean curvature. Note that, when Z = 0 and k = 1 ,




+∇gtV V − 2Vnk · V − Vn (dVn)] .
We also note that in the case of a 2D shell embedded as a hypersurface in R3 , (225) is
identical to the normal component of [75]’s Eq. (27), although [75] did not write down
the expression of the extrinsic acceleration. Ignoring the inertial terms, Eq. (225) is
identical to [4]’s Eq. (5).
5.2 Conservation of Mass for Motion in an Evolving Am-
bient Space
Locally, conservation of mass is equivalent to
ρ(x, t)J(X, t) = ρ0(X),


















where the superposed dot denotes total time differentiation, i.e., J̇ = dJ
dt
. Therefore13








= 0 . (226)
11We communicated with A. DeSimone and M. Arroyo and they kindly confirmed the mistake in
their acceleration. In their derivation they followed the master balance law of [50, p. 129].
12Note that the Jacobian of the deformation ϕ̃ is equal to that of ϕ , i.e.,
√
deth
detG det F̃ =√
det gt
detG detF , which follows from gt := ψ
∗
th .
13Note that there is a typo in the corresponding equation in [50, p. 92].
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Note that even if V = 0 , ρ is time dependent. Therefore, in the case of a 2D








—(226) can be written as
ρ̇+ ρ divgt (V +Z) + ρζ⊥H = 0 , (227)
whereH = trkt is twice the mean curvature. Eq. (227) is identical to the conservation
of mass for shells appearing in [75, Eq. (21)], [50, p. 92], and [4, Eq. (1)]. Note that,
if we look at the spatial mass density form ρ := ρdv , (226) reads
LV ρ = 0 . (228)











[LV ρ dv + ρLV (dv)] = 0 . (229)
We know that














Substituting (230) into (229) and localizing gives (226), which is the local form of
conservation of mass.
5.3 Energy Balance in Nonlinear Elasticity in an Evolving
Ambient Space
Let us consider an elastic body deforming in an evolving ambient space. We are
interested in making an explicit connection between the deformation of the elastic
body embedded in this ambient space and that in an ambient space with a dynamic
metric. Let the ambient space S move in a larger (fixed) manifoldQ , i.e. ψt : S → Q .
The fixed background metric in (Q,h) induces a time-dependent metric on S , i.e.
gt = ψ
∗
th . Energy balance can be easily written in Q but we are interested to see
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how it is written for an observer in S . When the metric g of S is fixed, the standard




























where E , R , H , and T are the internal energy function per unit mass, the heat supply
per unit mass, the heat flux per unit undeformed area, and the boundary traction
vector per unit undeformed area, respectively. Note that E = E(X,N,F ,G, g),
where N is the specific entropy. However, here the ambient space is evolving in time
and the energy balance should be modified to accommodate this time dependency.
First, let us look at an example to motivate our discussion.
Example 5.3.1. Suppose the ambient space is a 2-dimensional sphere of radius R
that shrinks/expands in time. Then, whatever elastic material lives on this sphere
will be compressed/stretched over time. As a simple case, assume that the material
manifold is also a sphere, with radius equal to the initial radius of the ambient sphere.
Assume that the deformation map ϕ is constant over time, as the metric evolves. This
means that there will be an increase in elastic energy over time, not accounted for in
terms of the work done by external forces–since there are no external forces.
Let the ambient metric, as a function of time be gij(θ, φ, t) = f(t)g
sphere
ij (R)(θ, φ) ,
where t is time, f(t) is some function of time (the shrinkage/expansion factor) such
that f(t) > 0, f(t0) = 1 , and gt
sphere(R) is the metric of the 2-sphere with radius
R . Note that this is a uniform rescaling of the metric. Then, let the material
manifold be just GIJ(Θ,Φ) = G
sphere
IJ (R)(Θ,Φ) , and let the deformation map simply
send Θ to θ and Φ to φ at all times. Therefore, even though the material “is not
moving” in terms of the coordinates φ and θ (a given material point sits at the same















This means that Ψ explicitly depends on f(t) and hence there is stored elastic energy
coming from the changes in the ambient space metric.
To visualize the time dependency of the metric of the ambient space, let us em-
bed the initial sphere of radius r = R in the Euclidean space R3 . We then as-
sume that the ambient space moves in the Euclidean space, i.e. there is a map
ψt : S
2(r) → R3 . Explicitly this can be written in the spherical coordinates as
(r̃, θ̃, φ̃) = ψt(r, θ, φ) = (k(t)r, θ, φ) with k(t) > 0 . Note that deformation mapping
is the inclusion map, i.e. (θ, φ) = ϕt(Θ,Φ) = (Θ,Φ) . The metric of the Euclidean
space in spherical coordinates reads h = diag
(
1, r̃2, r̃2 sin2 θ
)
. Now the map ψt in-
duces a metric gt = ψ
∗
th on the ambient space that has the following representation:
gt = diag
(
k(t)2r2, k(t)2r2 sin2 θ
)
. It is seen that f(t) = k(t)2 , i.e., when expand-
ing the ambient space by k , all the square distances in the ambient space with the
time-dependent metric are multiplied by f = k2 as expected. It is seen that time
dependency of the ambient space metric can be visualized using a time-dependent
embedding in a larger space with a fixed background metric (see [89] for a simi-
lar discussion). In the following we look at this in the general case of an arbitrary
deformable body.
Next, we prove the following proposition for an arbitrary deformable body:
Proposition 5.3.1. Energy balance for a deformable body moving in an evolving







































where we recall that E = E(X,N,F ,G, gt)
14 is the material internal energy density
per unit mass, N , R , H , T , and B are the specific entropy per unit mass, the heat
14Similar to the discussion of Remark 5.1.1, we can conclude that E(X,N, ψ∗F ,G,h) =
E(X,N,F ,G, gt) .
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supply per unit mass, the heat flux per unit undeformed area, the boundary traction
vector per unit undeformed area, and the tangent body force per unit mass, respectively.
We also recall that V is the velocity of ϕt and Z = ψ
∗
t ζ‖ is the tangent velocity of
the embedding ψt . Ffic denotes the fictitious body force due to the evolution of St and
reads
Ffic = − (A−Dgtt V )
























· (V +Z)− g]t ·
∂gt
∂t
















Note that in the particular case of a transversal evolution of the ambient space as a
hyperspace in Q , i.e., Z = 0 and k = 1 , the fictitious body force reduces to
Ffic = −2ζ⊥g]t · kt · V + ζ⊥ (dζ⊥)] = −g]t ·
∂gt
∂t
· V + ζ⊥ (dζ⊥)] . (234)































Body force can be decomposed into tangent and normal components with respect to






i . Note that the traction vector is tangent to St . We denote
B = ψ∗tβ‖ , and T = ψ
∗
t T̃ . Recalling that Υ = ψt∗V + ζ ◦ ϕt and Z = ψ∗t ζ‖ , the































































Similar to (216), we see that LΥF̃ = 0 . Note that
15









= ψ∗LV gt ,
where we used (265) to write Lζh = ψt∗
∂gt
∂t















:LV gt . (237)

































〈〈V ,V 〉〉gt = 〈〈D
gt
t V ,V 〉〉gt +
1
2

















ρ0 〈〈A,Z〉〉gt + ρ0 〈〈A−D
gt
t V ,V 〉〉gt −
1
2
























〈〈T ,Z〉〉gt dA .














:∇gtZ . Therefore, by using
(220) and (224) we have∫
U
(
ρ0 〈〈A−Dgtt V ,V 〉〉gt −
1
2



















































ρ0 〈〈A−Dgtt V ,V 〉〉gt −
1
2







































− ρ0 〈〈A−Dgtt V ,V 〉〉gt +
1
2
ρ0 〈〈V ,V 〉〉 ∂gt
∂t
.


































〈〈T ,V 〉〉gt +H
)
dA ,
where the fictitious body force Ffic is given in (233). If the evolution of the ambient
space as a hyperspace in Q is transversal, i.e., Z = 0 and k = 1 , the fictitious body
force reduces to (234).
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Remark 5.3.1. Note that the non-classical extra terms appearing in the energy
























so that this term cancels out the contribution of the rate of change of the energy
(internal + kinetic) due to the evolving ambient space metric appearing on the left
hand side of (232).
5.4 Quasi-Static Deformations of the Ambient Space Met-
ric
Let us consider a spatial metric that depends on a position-dependent parameter
ω(x), e.g. g = g(x, ω(x)) . In other words, given an initial metric g0 , we quasi-
statically deform the ambient space manifold. As an application, we can think of a
situation when a thin sheet of metal is compressed between two identical and evolving
surfaces to make different curved sheets, e.g. some pieces of an automobile body. As
an example, one can start with a rescaling of the spatial metric, i.e.
g(x, ω(x)) = e2ω(x)g0(x) .
Note that Jacobian J of deformation in the new ambient space is related to the








where dimS = n . Having an equilibrium configuration, replacing g0 by its rescaled
version, the equilibrium configuration will change, in general. The following two ex-
amples show the effect of a rescaling of the spatial metric on equilibrium configuration
and the corresponding stresses.
We consider in this section a spherical cap embedded in a spherical ambient space.







Figure 22: Deformation of a spherical cap due to a change in the radius of the ambient
space.
of the sphere) and calculate the resulting stresses. We assume an incompressible and
isotropic solid. For such solids the energy function depends on the first and second
principal invariants of the right Cauchy-Green strain C (or the left Cauchy-Green
strain b , also known as the Finger deformation tensor), i.e. W = W (I1, I2) [60].
Note that for an incompressible solid I3 = J
2 = 1. The Finger deformation tensor b
has components bab = F aAF
b
BG
AB. For an incompressible isotropic solid the Cauchy













where p is the Lagrange multiplier corresponding to the incompressibility constraint







Example 5.4.1. (Spherical cap on a 2D sphere) Let us consider a two-dimensional
spherical cap of angular radius Θo lying on a sphere of initial radius Ro . We assume
that the spherical cap is made of an incompressible and isotropic material. We would
like to calculate the stresses that occur in the new equilibrium configuration after
the radius of the ambient sphere is changed to ro . See Fig. ??. In spatial spherical
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Note that changing the radius of the sphere from Ro to ro is equivalent to a uniform




. Changing the spatial metric the equilibrium
configuration changes. We look for solutions of the form ϕ(Θ,Φ) = (θ, φ) = (θ(Θ),Φ).





Assuming that the spherical cap is made of an incompressible material, i.e., J = 1,





(cos Θ− 1) + 1
]
. (241)
For this deformation, the Finger tensor reads
b =
















and I2 = 1 . Therefore, we obtain from (240) the
nonzero stress components as
















































Using (241), the physical components of stress (242) are written as
σ̂θθ = −p+ r
2











r2o(cos Θ + 1)
]
β ,


















In terms of the Cauchy stress tensor, the only non-trivial intrinsic equilibrium equa-








σθθ − sin θ cos θσφφ = 0 . (244)
By using (241) and (242), the equilibrium equation (244) reduces to

















































o cos Θ− 2R4o
.
(245)
Note that, unlike the previous example, the spherical cap does not necessarily remain
stress-free by a uniform scaling of the spatial metric. If, however, we take ro = Ro ,
then (245) reduce to p′ = α′ , which yields no stress by assuming zero boundary
traction at Θ = Θo . Hence, we recover the case of a trivial embedding. Back to
the general case when ro 6= Ro , the evolving ambient sphere can be isometrically




0 −ro sin2 θ
 .
We only have one extrinsic equilibrium equation (225), which gives the normal com-









In the following, we explore the particular case when the spherical cap is made of


























Therefore, assuming zero boundary traction at Θ = Θo , i.e., σ
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2












1 + cos Θo




We plot in Fig. ?? the profile of stresses and the extrinsic body force in a spherical
cap of angular radius Θo =
π
4
initially lying on a sphere of radius Ro , due to a change
of the radius of the ambient sphere to ro = 1.5Ro .
In the limiting case ro → ∞ , which corresponds to flattening the spherical cap,
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2
cos Θ + 1
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Figure 23: Stresses and the extrinsic body force in a spherical cap of initial angular radius
Θo =
π
4 initially lying on a sphere of radius Ro , due to a change of the radius of the ambient
sphere to ro = 1.5Ro .
Note that the extrinsic body force field Bn vanishes when ro → ∞ , since this case




In this PhD thesis, we present a geometric framework for referential and spatial
evolutions in nonlinear elasticity. We use the concept of referential evolution to
formulate a general theory of anelasticity and that of spatial evolution to study the
motion of a continuum in a deforming ambient space.
First, we present a theory of anelasticity for three-dimensional bodies. In this
theory, the reference configuration is an abstract manifold endowed with a time de-
pendent Riemannian metric constructed to take into account the eigenstrain distribu-
tion in the body such that the material manifold is stress-free. The motion governing
equations are derived using the Lagrange-d’Alembert variational principle for dis-
sipative processes. By further taking the material metric as a dynamical variable,
the variational formulation yields a kinetic equation governing the evolution of the
material geometry. We apply this theory to thermoelasticity to show in a practical
case how such a material metric is constructed to ensure that the evolving reference
configuration remains stress-free. In order to derive the generalized heat equation gov-
erning the evolution of the referential geometry for thermoelasticity, we revisit the
first and second laws of thermodynamics in our framework where additional terms
must be included to account for the dynamic nature of the material geometry. As an
example of a thermoelastic problem, we consider a spherical ball with a spherically-
symmetric temperature distribution and solve for the thermal stress field as well as
their evolution when the sphere is initially subject to a spherical thermal inclusion.
Second, we present of theory of shell anelasticity. In this theory, the idealized thin
body is modeled as a shell and its midsurface is identified with a two-dimensional
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hypersurface embedded in the three-dimensional thin body. The anelastic eigen-
strains are modeled using an evolving intrinsic geometry of the hypersurface, i.e.,
time-dependent first and second fundamental forms, so that the material shell is
stress-free. The first and second fundamental forms are used to define intrinsic mea-
sures of strain to quantify the in-plane and out-of-plane deformations. By using a
variational formulation following the Lagrange-d’Alembert principle, the motion gov-
erning equations are obtained in terms of the stress and couple-stress tensors which
are naturally defined as conjugate to the aforementioned intrinsic strain measures.
The nonlinear shell compatibility equations were related to the Gauss and Codazzi-
Mainardi equations and lead to a systematic method to find stress-free anelastic
distributions in simply-connected shells. The kinetic equations governing the evolu-
tion of the material shell geometry are obtained by considering the first and second
fundamental forms as dynamical variable in the variational principle. The anelastic
shell theory is applied to the case of morphoelastic shells, i.e., growing shells subject
to bulk growth and remodeling. As an example, we considered a planar sheet and
found a family of stress-free growth fields. We observed that stress-free growth can
evolve a planar shell into another flat shell, a positively curved, or a negatively curved
one. We also considered a growing circular shell that evolves to a curved cap and
found the induced residual stresses and couple-stresses.
Third, we introduce a geometric theory of small-on-large anelasticity to study the
induced small deformations due to a perturbation of a given distribution of (finite)
eigenstrains superposed on the finite deformation that corresponds to the original dis-
tribution. Such an approach can be used to extend the class of known exact solutions
in anelasticity beyond the highly symmetric ones based on semi-inverse methods.
Given a nonlinear solid with a given distribution of eigenstrains, a perturbation of
the eigenstrains changes the equilibrium configuration and its state of stress. In the
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geometric formulation of anelasticity, a perturbation of the anelasticity source cor-
responds to a perturbation of the geometry of the material manifold. We find the
incremental residual stresses due to the perturbation fields and derive the governing
equations for the induced small deformations superposed on the original finite de-
formation. To illustrate the capability of the theory, we consider an axi-symmetric
distribution of parallel screw dislocations in an incompressible isotropic solid and
calculate the perturbation fields when the body undergoes an arbitrary small pertur-
bation in the Burgers’ vector distribution. For generalized neo-Hookean solids, we
are able to reduce the governing equations to a single ordinary differential equation
for which we find a closed-form solution when the solid is neo-Hookean.
Finally, we formulate a theory of nonlinear elasticity with a deforming ambient
space. The spatial evolution is modeled by considering a space-time embedding of
the ambient space in a higher dimensional space with a fixed metric. Starting from a
Lagrangian field theory considering the fixed background space, we reduce the varia-
tional formulation for the evolving ambient space and derive tangential and normal
governing equations of motion. We show that the energy balance must be modified
to include the time-dependency of the spatial geometry and reduce to that written
by an observer in the evolving ambient space. As an example, we find a closed-form
solution for a spherical cap deforming on a quasi-statically evolving sphere.
As a sequel to this work, we see many lines of investigations that we would like
to explore. One can readily see the benefit of formulating a theory of small-on-large
anelasticity for shells. Similarly to the three-dimensional theory, it would allow to
extend the limited classes of known exact solutions for anelastic shells. Besides, fur-
ther developments are needed in the theory of small-on-large anelasticity in order to
introduce a systematic approach to investigate the stability of eigenstrain distribu-
tions (such as defects) in solids. Another line of investigation is the formulation of
theory of elasticity with a deforming ambient space which includes couple stresses.
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It would allow for example to consider both membranar and bending effects in shells
deforming on a curved dynamical surface.
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APPENDIX A
ELEMENTS OF DIFFERENTIAL GEOMETRY
A.1 Riemannian Geometry
Let us tersely review in the following a few elements and concepts of differential
geometry that we use in this work. For more details, see for example [17]. Let B
be an n-dimensional smooth manifold. For each p ∈ B , a metric G for M gives a
symmetric, positive definite, and bilinear smooth map Gp : TpB × TpB → R , where
TpB denotes the tangent space of B at p , such that for any smooth vector fields X
and Y on B , p→ Gp(Xp, Yp) is a smooth map.
A linear connection on a manifold B is a map ∇ : X (B)× X (B)→ X (B) , where
X (B) is the set of vector fields on B , such that ∀X,Y ,Z ∈ X (B),∀f, g ∈ C∞(B) ,
where C∞(B) is the set of smooth maps on B to R , we have
∇X(Y +Z) = ∇XY +∇XZ ,
∇fX+gYZ = f∇XZ + g∇YZ ,
∇X(fY ) = f∇XY + (Xf)Y .
The vector field ∇XY is called the covariant derivative of Y along X . In a local
chart {XA} , we have ∇∂A∂B ∈ X (B) , and hence there exist scalars ΓCAB , called
the Christoffel symbol of the connection, such that ∇∂A∂B = ΓCAB∂C . A linear
connection is said to be compatible with a metric G on the manifold if
X (G (Y ,Z)) = G (∇XY ,Z) +G (Y ,∇XZ) .





− ΓKCAGKB − ΓKCBGAK = 0 .
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We define the Lie bracket of two vector fields X and Y as the vector denoted by
[X,Y ] such that ∀f ∈ C∞(B) , we have
[X,Y ]f = X (Y f)− Y (Xf) .
The torsion of a connection is defined as
T (X,Y ) = ∇XY −∇YX − [X,Y ] .
In components TABC = Γ
A
BC −ΓACB . ∇ is said to be symmetric if it is torsion-free,
i.e., ∇XY −∇YX = [X,Y ] . It can be shown that on any manifold (B,G) there is a
unique linear connection ∇ that is both compatible with G and is torsion-free. This
result is the fundamental theorem of Riemannian geometry and such a connection is
called the Levi-Civita connection. When endowed with its Levi-Civita connection,
the pair (B,G) is called a Riemannian manifold. It can be shown that the Christoffel






GAK (∂CGKB + ∂BGKC − ∂KGBC) .
The curvature tensor R of a manifold (B,G,∇) is given by1
R(X,Y )Z = ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z ,
for X,Y ,Z ∈ X (M) . In components









DB − ΓADKΓKCB .
A.2 Geometry of an embedded hypersurface
In this section, we tersely review some elements of the geometry of two-dimensional




be an orientable three-
dimensional Riemannian manifold and let (H,G) be an orientable two-dimensional







, i.e., G = Ḡ|H . Let X(H) be the space of
smooth tangent vector fields on H . Using the decomposition TXB = TXH⊕(TXH)⊥ ,
∀X ∈ H , we define the space of smooth normal vector fields X(H)⊥ ⊂ X(B) . Let
N ∈ X(H)⊥ be the smooth unit normal vector field of H . The orientation of the
unit normal vector field N is chosen such that the orientation induced by the local
coordinate chart of the surface H and the unit normal vector field as the last coordi-
nate on B is consistent with the orientation of B . Let ∇H and ∇̄ be the Levi-Civita




, respectively. Note that the Levi-Civita connection
∇H of the metric G is precisely the connection induced by the Levi-Civita connection
∇̄ of the metric Ḡ . The connection ∇H in terms of the connection ∇̄ is given by




N , ∀X,Y ∈ X(H) ,
where X̄ ∈ X(B) and Ȳ ∈ X(B) are any local extensions of X and Y , respectively,
i.e., X̄(X) = X(X) , ∀X ∈ H . The second fundamental form of H is defined as the
symmetric tensor B ∈ Γ(S2T ∗H) given by








, ∀X,Y ∈ X(H) . (252)
The connection ∇ on TH induces a connection on S2T ∗H defined by
(∇XA) (Y ,Z) = X (A(Y ,Z))−A(∇XY ,Z)−A(Y ,∇XZ) , ∀A ∈ Γ(S2T ∗H) .
The curvature tensor R of a Riemannian manifold (M,G) is defined as
R(X,Y ,Z,W ) = G(R(X,Y )Z,W ) , ∀X,Y ,Z,W ∈ X(M) ,
where R is given in terms of the Levi-Civita connection ∇M by
R(X,Y )Z = ∇M[X,Y ]Z −∇MX∇MY Z +∇MY ∇MXZ .
In components, the curvature tensor reads








Given the symmetries of the curvature tensor, if n is the dimension of the manifold
M , its curvature tensor R has n2(n2−1)/12 independent components. In particular,
for a two-dimensional surface (n = 2), the curvature tensor has one independent
component R1221 .
We denote the Riemann curvature tensors ofH and B by RH and R̄ , respectively.
The Gauss equation gives a relation between the Riemann curvature tensor and the
second fundamental form of H , and the Riemann curvature tensor of B as
R̄(X,Y ,Z,W ) = RH(X,Y ,Z,W )−B(X,Z)B(Y ,W ) +B(X,W )B(Y ,Z) .
(253)
The second fundamental form also satisfies the Codazzi-Mainardi equation that can
be written as








(Y ,Z) . (254)
Let (X1, X2, X3) be a local coordinate chart for B such that at any point of the
hypersurface H , {X1, X2} is a local coordinate chart for H and the normal vector
field N to H is tangent to the coordinate curve X3 . We say that such a chart is
compatible with H . Note that given the symmetries of the curvature tensor and
the second fundamental form, the Gauss and Codazzi-Mainardi equations reduce in
components to
R̄1212 −RH1212 = B11B22 −B12B12 , (255a)
R̄1213 = B11|2 −B21|1 , (255b)
R̄2123 = B22|1 −B12|2 , (255c)
where we denote by a stroke | the covariant derivative corresponding to the Levi-
Civita connection of (H,G) , i.e., BAB|C = BAB,C − ΓKCABKB − ΓKCBBAK , where
ΓCAB is the Christoffel symbol of the connection ∇H in the local chart {X1, X2} .
The fundamental theorem of surface theory, first proved by [8], implies that the
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geometry of a surface is fully described by its metric and its second fundamental form
[16, 36].
A.3 Geometry of Riemannian Submanifolds
In the following, we tersely review a few elements of the geometry of embedded
submanifolds. Here we mainly follow [34, 17, 9, 79] and [42]. Let us consider a
Riemannian manifold S embedded in another Riemannian manifold Q and assume
that dimS < dimQ . We consider a time-dependent embedding ψt : S → Q . The
metric h on Q induces a metric gt = ψ∗th on S (the first fundamental form). At any
given point p of S , the tangent space TpSt has an orthogonal complement (TpSt)⊥ ⊂
TQ such that
TpQ = TpSt ⊕ (TpSt)⊥ . (256)
Note that such a decomposition is smooth in the sense that any smooth vector field u
on St can be smoothly decomposed into a vector field u‖ tangent to St and a vector
field u⊥ normal to St , so that p→ (u‖)p = (up)‖ and p→ (u⊥)p = (up)⊥ are smooth.
We write u = u‖ + u⊥ . The orientation of η
t
i , for i ∈ {1, ..., k} , is chosen such that
the orientations of St and Q are consistent in the sense that the orientation induced
from St along with the ordered sequence {ηti}i∈{1,...,k} , is equivalent to the orientation
of Q . Let dimS = n and dimQ = n + k = m . Following the smoothness of the
decomposition (256), one can take a set of smooth vector fields {ηti}i=1,...,k normal to
St such that they form an orthonormal basis for X⊥(St) , the set of vector fields normal
to St . Let {χα}α=1,...,n+k be a local coordinate chart for Q such that at any point
of St , {χ1, ..., χn} is a local coordinate chart for St , and such that the unit normal
vector field ηti for i ∈ {1, ..., k} is tangent to the coordinate curve χn+i . Hence, every







2 Note that, for












= 0 , where the Kronecker
2In the local coordinate {χα}α=1,...,n+k , we denote ui⊥ = un+i for i ∈ {1, ..., k} .
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delta symbol δij is defined as: δij = 1 if i = j and δij = 0 if i 6= j. Note that at
any point of St , one has hα(n+i) = δα(n+i) , for i ∈ {1, ..., k} and α ∈ {1, ..., n + k} .
We denote the connection coefficients for the Levi-Civita connections ∇h and ∇gt




bc , respectively. We denote by D
h
t
and Dgtt the covariant derivatives along ϕ̃X and ϕX , respectively. For a vector field u










∂ta + ∇gtVw , where {∂̃tα}α=1,...,n and {∂ta}a=1,...,n denote local coordinate
bases for St and S , respectively.
Note that for vector fieldsX and Y defined on St andQ , respectively, such that Y




t (∇hXY )‖ .3 As a corollary, given a curve
c in St and X a vector field along c tangent to St everywhere, Dgts ψ∗tX = (DhsX)‖ ,
where Dgts = ∇gt∂
∂s












, ∀ u,w ∈ TχSt . (257)
It is known that κti is a symmetric tensor and can equivalently be written as
κti = (∇hηti)[‖ , i = 1, ..., k .
On S , we define, for i ∈ {1, ..., k} , the ith second fundamental form as kti = ψ∗tκti .










, i = 1, ..., k .










, i = 1, ..., k .
3The proof given in [79] still holds even when the embedding is time dependent. Note that ∇gt








= −(∇hηti)[(ψ∗u, ψ∗w) = −kti(u,w) , i = 1, ..., k .
Therefore, we obtain Gauss’s equation






On the other hand, for i, j ∈ {1, ..., k} , the projection of ∇hηti along ηtj defines ωtij ,
the normal fundamental 1-form of St relative to the unit normals ηti and ηtj . For any







Note that, for i, j ∈ {1, ..., k} , the normal fundamental 1-form ωtij is anti-symmetric,
i.e., ωtij = −ωtji . On S , one defines the normal fundamental 1-forms, for i, j ∈
{1, ..., k} , as otij = ψ∗tωtij . Note that, for a tangent vector field w on St, one can
write the following4







One needs to be careful in calculating time derivatives in (S, gt) , since the induced
metric gt itself depends on time. In particular, when calculating the derivative of the
inner product 〈〈u,w〉〉gt of two vector fields u and w along a time-parametrized curve





t u,w〉〉gt + 〈〈u, D
gt
t w〉〉gt , (259)






t u,w〉〉gt + 〈〈u, D
gt
t w〉〉gt + 〈〈u,w〉〉 ∂gt∂t , (260)



















































Using the Levi-Civita connection for the metric gt to calculate covariant deriva-
tives, the symmetry lemma of classical Riemann geometry [44, 56] still holds.7


















where ζ‖ is the tangential velocity of the embedding. We also define Z := ψ
∗
t ζ‖ ◦ ϕt .
Lemma A.3.2. For an arbitrary embedding ψt , the following relation holds
∂gt
∂t






6It is also possible to define an alternative covariant time derivative, D̃gtt , so that an identity






























See [82] for a discussion on this alternative covariant time derivative.
7Note that if we were to use the alternative covariant derivative (261), this formula would need
to be modified.
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where L denotes the autonomous Lie derivative.8 For a transversal embedding, i.e.,











































On the other hand, we also have









= (ηti)α|β + (η
t
i)β|α = 2κ(i)αβ . (266)












Finally it follows from (265) and (267) that
∂gt
∂t






8The autonomous Lie derivative LZgt is defined by holding the explicit time-dependence of gt
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